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Foreword 



A couple of years ago I was asked about what papers one should read 
in the field of elliptic equations involving measures. I do not remember 
precisely which ones I mentioned, but one my favorites is my work with 
H. Brezis and M. Marcus where we introduced the concept of reduced mea- 
sure 1123 II . This paper is one of my first contributions in the domain. Al- 
though our work was published in 2007, it was already completed begin- 
ning 2004 and several preliminary versions started to circulate at that time. 

What are reduced measures good for? The notion of reduced measure 
clarifies several common properties which are shared by nonlinear Dirich- 
let problems with absorption term, or equivalently with nonlinearities sat- 
isfying the sign condition. The existence of the reduced measure can be 
obtained via a nonlinear Perron method and according to the fundamen- 
tal property of reduced measures, the reduced measure is the largest good 
measure for the Dirichlet problem. 

In 2004, I went to Rome and then I got in touch with another school 
also working on elliptic problems involving measures, around L. Boccardo, 
L. Orsina and A. Porretta. I have learned from them that proofs should rely 
as least as possible on uniqueness of solutions. 

I have now the impression that each paper I wrote subsequently was 
influenced by this point of view and I have gradually developed an alter- 
native approach to prove the main result on reduced measures. The modi- 
fication I have in mind emphasizes the role of the Perron method and is in 
the spirit of Chacon and Rosenthal's biting lemma. 

I have finally decided to assemble part of my contribution in the do- 
main. The evolution is scattered in several papers and some of the ideas 
have never been published. In the meantime, my taste for writing down 
proofs has also evolved so I found this would also be an opportunity to 
rewrite some of the proofs in a unified style. This task was harder than I 
could possibly have imagined. 

In any case, this is not a monograph about reduced measures. My aim is to 
show how one can adapt classical techniques in elliptic partial differential 
equations — maximum principles. Perron method, method of sub and su- 
persolutions — in a setting where very little regularity is available. Yet, the 
fact that we shall be working with solutions in (il) is just what one needs 
to talk about weak formulations and we can free ourselves from regularity 
issues. 

I would like to thank Isabelle, Clement and Raphael for their patience 
during the preparation of the manuscript. 
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CHAPTER 1 



Introduction 

This monograph concerns the linear Dirichlet problem 

( —Au = 11 in il, 
\ u = on dQ, 

where C is a smooth bounded domain. We are interested in the case 
where ^ is just an function and, more generally, a finite Borel measure 
in il. 

Equations involving measure data appear naturally in the study of prop- 
erties of the Laplacian: 

(a) Green's function satisfies the linear Dirichlet problem with a Dirac mass; 

(6) subsolutions and supersolutions are in general functions whose Lapla- 
cian are locally finite measures; 

(c) if M is a smooth function vanishing on the boundary dU,, then Au^ is a 
finite measure which cannot be identified as a function; more generally, 
for every convex function $ : M — )• M, A$(ii) is a finite measure. 

A solution of the linear Dirichlet problem is an function which satis- 
fies the equation in the weak sense and admissible test functions are smooth 
functions vanishing on the boundary dQ; see definition |3.1[ This notion was 
originally introduced by Stampacchia IIIOOI . 

According to Stampacchia's regularity theory, every solution of the lin- 
ear Dirichlet problem belongs to the Sobolev spaces Wq^\Q) for \ ^ q < 
but we just miss the critical exponent j^', see proposition l4.1l This is 
an important difference with respect to the Calderon-Zygmund theory 
which tells that if ;U € LP{i}) for some I < p < +oo, then the solution of 
the linear Dirichlet problem belongs to W'^'P{Q). In our case, if G L^{Q), 

1 ^ 

then the solution need not belong to W ' {i}) C W ' 'v-i ($7) by the Sobolev- 
Gagliardo-Nirenberg imbedding theorem. 

The linear theory is an important tool to understand the nonlinear Dirich- 
let problem 

( —Au + g{u) =11 in $7, 

\ u = on dVL, 

where (7 : M — > M is a continuous function. Some pioneering contribu- 
tions to nonlinear problems with or measure data are due to Brezis and 
Strauss HOl, Lieb and Simon [TOl and Benilan and Brezis ll9llT5llT6l. The mo- 
tivation for studying such problems is beautifully discussed in the preface 
of 11 by H. Brezis. 

Important tools to study the nonlinear Dirichlet problem in this weak 
setting are 

3 



4 



1. INTRODUCTION 



(a) maximum principles for subsolutions and supersolutions of the linear 
Dirichlet problem; 

(6) Kato's inequality, which which gives comparison principles for the non- 
linear Dirichlet problem; 

(c) method of sub and supersolutions and the Perron method, to obtain exis- 
tence of solutions and extremal solutions. 

There are two typical assumptions we have in mind for the nonlinearity 
g. The first assumption concerns the sign of the nonlinearity: 

— sign condition: for every t eR, g{t)t ^ 0, 

This condition implies for example that the nonlinear Dirichlet problem is 
of absorption type, meaning that for every solution u, 

J \giu)\ ^ I d\fi\. 
n n 

When /i G L^(il), the functional associated to the nonlinear Dirichlet prob- 
lem is bounded from below in Wq'^{Q) and minimizers always exist; see 
proposition l2.1l 

The second assumption concerns the integrability of g{w) for a given 
function w: 

— integrability condition: for every w,w,w G L^(r2) such that w ^ w in 
a if 9{w) G L\n) and if g{w) G L^Q), then g{w) G L\n). 

The integrability condition guarantees that the method of sub and super- 
solution holds; see proposition 16.71 This assumption is satisfied when the 
nonlinearity gisa monotone function or, as in the case of the Chern-Simons 
scalar equation, when g is of the form g{t) = e*(e* — 1) 11109 1 . 

The study of the nonlinear Dirichlet problem with measure data turns 
out to be more subtle than with data. It was observed in 1975 by Benilan 
and Brezis ll9llT5l[T6ll that if AT ^ 3 and 

git) = \trh 

with p ^ j^rf' then the nonlinear Dirichlet problem has no solution when 
is a Dirac mass; see proposition l3.8l They also proved that if p < and 
N ^ 2, then the nonlinear Dirichlet problem has a solution for any finite 
measure i^i; see proposition l7.1l 

Later, Baras and Pierre \6\ characterized all measures fi for which the 
nonlinear Dirichlet problem admits a solution for a nonlinearity of the form 
g{t) = \t\P~^t. Their necessary and sufficient condition for the existence of 
a solution when p ^ can be expressed in terms of the W'^'^' capacity; 
see proposition l7.3l 

The case of exponential nonlinearities of the form 

g{t) = e* - 1 

was studied by Vazquez II103I in dimension N = 2 and more recently by 
Bartolucci, Leoni, Orsina and Ponce |7| in dimension N ^ 3. The solution 
in this case is related to the Hausdorff measure 'H^"^; see proposition l8.ll 
and proposition 18.51 One of the tools used in the proof is related to the 
uniform convergence of the Hausdorff outer measures V.^ to the Hausdorff 
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measure on sets with finite Hausdorff measure as 5 tends to zero; see 
proposition |B.6l 

Brezis, Marcus and Ponce l23ll introduced the concept of reduced mea- 
sure in order to analyze the nonexistence mechanism behind the nonlinear 
Dirichlet problem and to describe what happens if one forces the problem 
to have a solution in cases where the problem refuses to have one. 

The approach developed in II23II was to introduce an approximation 
scheme. For example, the measure /i is kept fixed and g is truncated; alter- 
natively, the nonlinearity g is kept fixed and /i is approximated via convo- 
lution. It was originally observed by Brezis |17] that if ^ 3, g{t) = |t 
with p ^ T^rf ' ^^'^ is a Dirac mass, then all natural approximations u,j of 
the nonlinear Dirichlet problem converge to 0. However, is not a solution 
corresponding to a Dirac mass. 

In this monograph, we adopt a different approach to define the reduced 
measure. If the nonlinear Dirichlet problem with datum /^t has a subsolu- 
tion, then by the Perron method the largest subsolution exists; see proposi- 
tion [102] In II23I , the largest subsolution u* was obtained as the limit of an 
approximation scheme — which involves the resolution of infinitely many 
nonlinear Dirichlet problems — , while the Perron method does not require 
to solve any Dirichlet problem at all: the largest subsolution is obtained as 
the supremum of all subsolutions; see proposition 16.21 The reduced mea- 
sures is then defined as 

^* = -An* + g{u*). 

The fundamental property of the reduced measure insures that jj* is the 
largest measure less than or equal to ^ for which the nonlinear Dirichlet 
problem has a solution; see proposition ll0.9[ As a consequence, we deduce 
that if g satisfies the sign condition and if fi ^ 0, then fi* ^ 0. Note that in 
this case u* ^ since is a subsolution and u* is the largest one, but it is 
not obvious that 

-Au* +g{u*) ^ 0. 



CHAPTER 2 



Variational approach 

We prove existence of variational solutions of the nonlinear Dirichlet 
problem 

r —An + g{u) = fi in 0, 
\ n = in 

when 5( : M — )■ M is a continuous function satisfying the sign condition. By 
variational, we mean that the solution lies in the Sobolev space in Wq''^{Q,) 
and is obtained as a critical point of a functional. 

Our approach relies on the observation that the equation 

—An + g{u) = fi in il, 

1 2 

is the Euler-Lagrange equation in ' (Q) of the functional 

E{u) = iVnp + j G{u) - j n/i, 
n n 

where G : M — > M is the function defined for t € M by 

G{t)= f g{s)ds. 
Jo 

1. Minimizers 

If the nonlinearity g satisfies the sign condition, then for every t G M, 

G{t) ^ 0. 

Thus, for every £ L^(f]), the functional E is bounded from below in 
VFq^'^(O) and the existence of a minimizer of E follows from a standard 
minimization technique: 

Proposition 2.1. Let g -. R ^ Rbe a continuous function satisfying the 
sign condition. If fj. £ L'^{fi), then there exists u G wl''^{^) such that for every 

E{u) s; E{v). 

We first need an estimate that insures that minimizing sequences are 
bounded in ' {^): 

Lemma 2.2. Let g -.R ^Rhe a continuous fynction. If g satisfies the sign 
condition and if fi £ L?{^), then for every v G M^q^'^(S7), 

for some constant C > depending on N and $7. 
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2. VARIATIONAL APPROACH 

Proof. Let v G Wq''^{Q). Since g satisfies the sign condition, G{v) ^ 0, 



and we have 



For every e > 0, by the Young inequality there exists a constant > such 
that 

Thus, 

^ J \Vv\^ ^ E{v) + eJv^ + C,Jfj:^. 
n n n 

By the Poincare inequality. 



and this implies 



Choosing e > such that 



^ - eCi > 0, 



the conclusion follows by applying once again the Poincare inequality. □ 

Proof of proposition |2TT] Let {un)nen be a sequence in W^'^ifl). If 
{E{un))nGN is bounded in M, then by the previous lemma the sequence 
{un)neN is bounded in Wq''^{Q). By the Rellich-Kondrachov compactness 
theorem, there exists a subsequence {un^.)k&n converging in L^(r2) to some 
function u. Since /x G i^^(i^). 



/ ityu = lim / M^j^//. 



We may also assume that subsequence {un^.)keN converges almost every- 
where to u. Thus, by Fatou's lemma. 



n 



^liminf f G{un^). 

fc— >oo J 



Since {un)nm is bounded in VFQ^'^(r2), u € WQ^'^(r2) and 



y |Vup ^ liminf ^ |Vu„J^; 



see lHOSl theoreme 21.13]. We conclude that 

E{u) ^ liminf ^(ii„ J. 
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We now choose {un)neN to be a minimizing sequence of the functional E. 
In this case, 

E{u) ^ lim E{un) = inf E{v). 

Since u € WQ^'^(f]), equality holds and u is a minimizer of E. □ 

Although this approach for solving the Dirichlet problem leads to a 
minimization problem which can be easily solved, it is rather annoying to 
show that u satisfies the Euler-Lagrange equation in the weak form, mean- 
ing that for every v G VFq 

J Vn • Vv + J g{u)v = j vfi. 
n n n 

The difficulty in considering the variation 

t G M I — y E{u + tv) 

of the functional E around a minimizer u comes from the term G{u + tv), 
which need not be an function for every v G W^'"^ (il) and for every t G M 
close to 0. We could restrict ourselves to test functions G Wo^'^(0)nL°°(r2), 
but the same obstruction arises. 

2. Euler-Lagrange equation 

It is easier to obtain solutions of the Euler-Lagrange equation when n is 
for instance an function: 

Proposition 2.3. Let g -. ^ ^ M.he a continuous function satisfying the 
sign condition. If fi ^ L°°($7), then the Euler-Lagrange equation associated to the 
functional E has a solution u G Wq''^{Q) such that 

\\9{u)\\L°°{n) ^ llMllL°°{f7)- 

We begin by establishing the following lemma: 

Lemma 2.4. Let g : M. ^ M. be a continuous function satisfying the sign 
condition and let k G M. Given n G L°°{^), let u G wl''^{Q) he a minimizer of 
the functional E over Wq ' (O) . 
{i) If for every t ^ k, g(t) ^ ||Ai||L°°(Q)/ f^^" u ^ n in fi. 
(ii) If for every t ^ k, g(t) ^ — ||/^||L°°(n)' ^^^'^^ u'^ Kin Vl. 

The proof of the lemma relies on the idea that if we truncate a function 
at the level k, then we reduce its energy E. 

Proof. We establish the first assertion. Given v G Wl''^{yt) and k G M, 
let f K : — K be the function defined by 

= min {ti, k}. 



Note that 



and if K ^ 0, then 



Vv in {v ^ k}, 
in {f > k}. 



G wl^\n). 
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Claim. If the set {v > k} is not negligible with respect to the Lebesgue 
measure and if for every t ^ k, 

g{t) ^ ||/i||Loo(j^), 

then 

E{v^) < E{v). 

Assuming the claim, we may conclude the proof of assertion {i). In- 
deed, if li G Wq ' (17) is a minimizer of E, then E{uk) ^ E{u). By the claim, 
the set {u > k} is negligible, which means that u ^ k almost everywhere in 

n. 

Proof of the claim. Since the set {v > k} is not negligible, we have 



Moreover, 



n 



J GK) = J G{v) - I [G{v) - GK)] 
n an 

= J G{v) - I [G{v) - G{^)] . 



{v>k} 

For every s > k, 



Thus, 



G{s) - G{k) ^ {s - k) inf g{t) ^ {s - k) inf g{t). 

iG(K,s) tG(K,+C)o) 



/ GK)^ / G{v)- inf g{t) [ {v - k). 

J J tG(K,+oo) J 



V — K). 



n n {v>k} 

We also have 

J V^fl = j Vfl- j (V - K)fl. 

u n {ii>k} 

Thus, 

Eiv,)<E{v)- [ ( inf git)-A{ 

{v>k} 

Since for every t ^ k, g{t) ^ ||Ai||L°°{n)/ we have 

inf g{t) - /i ^ 0. 

iS{K,+oo) 

This implies that E{v,,) < E{v). □ 

The proof of assertion (i) is complete. The proof of the other assertion 
is similar. □ 
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Proof of proposition I2.3[ If for every t eM.,\g{t)\ < \\iJ-\\L°°{n), then 
g is bounded and every minimizer of E over Wq ' (O) satisfies the Euler- 
Lagrange equation and the conclusion follows. 

We now assume that for every t ^ 0, 

g{t) > 

and that there exists k > such that 

g{K) = \\fl\\ioo(^Qy 

Let : ]R -5" be the function defined for t e M by 

g{t) ift^K, 



g{K) lit > K. 



In particular, gt^ is bounded. Denote by the functional associated to this 
nonlinearity: 

En{u) = |Vn|2 + j G^iu) - j ufi. 
Q n n 

The minimization problem over W^''^{^}) associated to E,^ has a solution 
u G Wq''^{Q) and since g^ is bounded this function satisfies for every v G 

J S/u-'Vv + J gK{u)v = J vfi. 

n n n 

By the previous lemma, u ^ k in 0. Thus, gniu) = g{u) in and this 
implies that u is a solution of the Euler-Lagrange equation associated to the 
functional E. 

The two remaining cases concerning the nonlinearity g, namely when g 
bounded from above by 1 1 // 1 1 /^oo but not bounded from below by — ||/x|[j;^oo(q) 
and when g is not bounded from above by ||Ai||L°°(f7) rior bounded from be- 
low by— ||/i||/,oo(Q) can be proved in a similar way. □ 

An alternative approach to establish existence of solutions of the non- 
linear Dirichlet problem when /i G (fi) is to apply the method of sub and 
supersolutions (proposition 16. 7|) . Take for instance a nonpositive function 
V G such that 

-Av ^ n 

and a nonnegative function v G C°°(0) such that 

— A^; ^ fi. 

If g satisfies the sign condition, then w is a subsolution and U is a supersolu- 
tion of the nonlinear Dirichlet problem. The method of sub and supersolu- 
tions implies the existence of a weak solution u such that 

In particular, u G Wq'^I^I) n L°°{^) and, by the interpolation inequality 
(lemma |4!7)| , this solution belongs to Wq''^{^). 
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The minimization strategy still holds when fi belongs to L^^{Q,) — 
and more generally when fi belongs to the dual space (VFq' (r^))' — but 
one cannot hope to go beyond the exponent since the functional E 
need not be bounded from below. In this sense, the variational approach to 
obtain solutions the nonlinear Dirichlet problem 

( —Au + g{u) = fi in 0, 
\ M = in d^, 

when fi is a measure or even an function seems hopeless. 

A different strategy consists in searching for solutions using an approx- 
imation procedure. For instance, when fi G L^{Q,) we may consider a se- 
quence of functions (/in)neN in L°°{fi) converging to in L^($7) — e.g. a 
sequence of truncates of /i — and then investigate what happens to the so- 
lutions Un of the approximated problems. We will implement this strategy 
in the next chapter. 



CHAPTER 3 



data versus measure data 

We investigate a major difference between Dirichlet problems with 
data and measure data. 

The existence and regularity theory for the linear Dirichlet problem 

( —Au = 11 in 0, 

\ n = on 

has no difference whether /i is an function or a finite measure in the 
sense that solutions always exist in both cases, the estimates satisfied by 
the solutions in one case or in the other are the same, and there is no gain in 
regularity if we know that ^ is an function rather than a finite measure. 
Concerning the nonlinear Dirichlet problem 

( —Au + g{u) =11 in $7, 
\ u = on dVl, 

the situation is radically different. When : M — )• M satisfies the sign condi- 
tion, solutions of the nonlinear Dirichlet problem always exist if ji is an 
function I30u54l . This is no longer true for measures: Benilan and Brezis [H 
discovered that the nonlinear Dirichlet problem need not have a solution if 
/i is a Dirac mass and g has polynomial growth. 

1. Linear case 

Given an function or more generally a finite Borel measure /x in J7, 
we consider the linear Dirichlet problem 

( —Au = n in 

\ M = on d^. 

We adopt the notion of weak solution introduced by Stampacchia IllOOl def- 
inition 9.1]: 

Definition 3.1. Let & M{Vt). A function u : 17 ^ M is a solution of 
the linear Dirichlet problem if 

(i) u G _ _ 

{ii) for every C G C^(n), meaning that C G C°°(n) and C = on dO., 

-JuAC + J g{u)C = I Cd^. 

n n n 

We denote by 7V4(r2) the vector space of finite Borel measures in Q,. This 
space equipped with the norm 

ll/^IU{n) = ImI(^) 

13 
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is a Banach space. 

The boundary data is encoded in this weak formulation since we are 
not simply using as test functions smooth functions with compact support, 
but we allow our test functions to have a nontrivial normal derivative on 
the boundary. An equivalent definition of solution is to require that 

(i') u G Wl^\^), 

{ii') for every ip G C^{Q), meaning that ip G C°°{Q) and ip has compact 
support in f]. 



Vu • Vip = J (p dfi. 

n n 

The equivalence of both definitions will be discussed later (see corollary l4.5ll . 

This second, equivalent, definition of solution of the linear Dirichlet 
problem has the advantage of making more transparent the meaning of 
the boundary condition in the weak formulation since its is encoded in the 
sense of traces in W^^'^(il). A disadvantage is that one has to make sure 
each time that Vu G L^{^}) and that u G Wq'^{Q). We believe it is better to 
stick to the first one, since it is easier to use, although the second one might 
be more appealing to those which are used to variational methods. 

Proposition 3.2. For every fi G M{fl), the linear Dirichlet problem with 
datum fi has a unique solution u and 

for some constant C > depending on N and Vl. 

This proposition makes no distinction between measure data and L} 
data since every / G L^{VL) can be identified with the finite measure fi 
defined for every Borel set ^ c by 

KA) = j f. 

A 

In this case, 

and for every bounded Borel measurable function ^ : ^ M, 



n n 

This last equality may by established by approximating -0 by a sequence of 
simple functions. 

The proof of the proposition relies on the following estimate: 

Lemma 3.3. Given ^ G L^(ri), let u G Wq^'^(O) he the solution of the linear 
Dirichlet problem with datum /i. Then, 

for some constant C > depending on N and 0. 
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Proof. On the one hand, for every v G Wq''^{0,) such that Av G L'^i^l), 

uAv = / Vu ■ Vv = / vfi. 



n 



Thus, 



uAv 



L°°{C) llMllLi(n)- 



1 2 

On the other hand, for every h G if G W^' (n) is the solution of 

the linear Dirichlet problem 

-Av = h in f], 
V = on dQ, 

then by the maximum principle, 

ll^llL°°(f7) ^ c'I1^IIl°°{c)- 

Applying the previous estimate with this function v, we have for every 

h G L^i^), 



uh 



^ C||/l||iOO(Q)||/i||il(Q). 



Using this estimate with h = sgn u, the conclusion follows. □ 

The previous lemma is based on a disguised duality argument: starting 
from the estimate 

which follows from the maximum principle, we deduce that 

II^IIlh^) ^ C\\Av\\l^q), 

with the same constant C. 

We give a separate proof of proposition 13.21 when fi G L^{Q). The exis- 
tence of solutions for finite measures is more subtle and requires an addi- 
tional compactness argument. 

Proof of proposition 13. 21 when G L^{^}). Given a sequence of func- 
tions {nn)neN in L°°(r2), for each n G N let G Wq'^{^) be the solution of 
the linear Dirichlet problem with datum By linearity of the Laplacian, 
for every m, n G N the function Um—Un satisfies the linear Dirichlet problem 
with datum /i^ — f^n- Thus, by the previous lemma, 

\\Um — Un\\L'^(n) ^ C\\flm — A^n||Li(n)- 

Choosing the sequence {fin)nefi so that it converge to /i in L^{^), then 
{lJ,n)nm is a Cauchy sequence in L^{Q). By the estimate above, {un)neN 
is also a Cauchy sequence in (Q), whence it converges in (0) to a func- 
tion u. Since for every n G N and for every ( G Cg°(r2), 
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we deduce that 

''uAC = j C^i. 
n 

Therefore, u is a solution of the Dirichlet problem. 
Since for every n € N, 

we also have 

^ C!\\fx\\ii^Q) = C||/i||_A^(Q). 

Uniqueness of the solution follows from this estimate and from the linearity 
of the Laplacian. The proof of the proposition is complete. □ 

The above proof relies on the fact that fi was an function. The dif- 
ficulty in adapting the proof to measures arises when trying to strongly 
approximate a finite measure /x by a sequence of functions {fJ.n)neN in the 
strong sense mM{i}), 

lim Wfin - ^^\\M(n) = 1™ / l/^n - /^l = 0. 

n— >oo ^ ' n— ^-oo J 

n 

Indeed, if such approximation is possible, then by the triangle inequality 
{fJ'n)neN is a Cauchy sequence in L^{0,), in which case fi coincides with an 
function. 

The problem here is that we are asking too much from the sequence 
(^„)„gN- Indeed, for every n G N and for every ( € (7^(0), 

-J n„AC = j Cl-i-n- 
a n 

Thus, we only need convergence to ^ in the following sense: for every 
V' € Co{Q), meaning that ^ : ^ M is continuous and = on d^l, 



lim / ipfin = ipd^. 

n^ooj J 

n n 

We say in this case that the sequence (^n)nGN converges weakly to /i in the 
sense of measures. 

Every finite measure can be approximated by smooth functions in this 
sense: 

Lemma 3.4. For every ^ G M.{yi), there exists a sequence {fin)neN in C°°(0) 
converging weakly to /x in the sense of measures and such that 

lim ||/^n||Li(n) = ll^llA4(f7)- 

Proof. Given a sequence of smooth mollifiers {pn)neN, for every n G N 
let : $7 — > M be the function defined for x G by 



fJ-nix) = J Pn{x - y) dfi{y). 
n 

This is the convolution of p„ with /i; in particular, yU„ G C°°{Q,). 
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If pn is an even function, then by Fubini's theorem we have for every 

ipfJ'n= / / Pn{x - y)ij{x)dx] dfi{y) = / Pn*1pdfi. 



Since the sequence (/)„ * ip)neN converges uniformly to in^l, we deduce 
the weak convergence of {pn)neN p in the sense of measures. 

In particular, by the lower semicontinuity of the norm under weak con- 
vergence, 

^ liminf \\pn\\mn)- 

Since for every n G N, 

ll/^n||Li(fi) ^ ll/^llA^(!ri)) 

the conclusion follows. □ 

Proof of proposition 13. 2[ Given a sequence {pn)neN of functions in 
C^m, for each n G N let u„ € be the solution of the Dirichlet 

problem with datum 

If the sequence {pn)n£N is bounded in (ft), then by the estimate given 
by corollary 14.31 below, the sequence {un)n€N is bounded in the Sobolev 
space for every I ^ q < j^ri • ^7 the Rellich-Kondrachov compact- 

ness theorem, we may extract a subsequence {un^)kef^ which converges in 
L^{Q.) to some function u. 

We choose the sequence {pn)neN converging weakly to p in the sense of 
measures in Q. Then, for every G C^(0), 

- y = I Cf^, 

n n 

whence u is a solution of the linear Dirichlet problem with datum p. 
For every n G N, 

ll'"n||Ll(n) ^ C\\pn\\L^(^n)- 

By the previous lemma we may choose the sequence {pn)neN such that 

1™ ll/^n||Li(n) = ll^llA4(n)- 

n— >-oo ^ ' ^ ' 

Thus, u satisfies the estimate in the statement. Uniqueness of the solution 
follows from this estimate and from the linearity of the Laplacian. The 
proof of the proposition is complete. □ 

There is an alternative proof of existence of solutions based on an esti- 
mate given by Green's function. Indeed, if /i € C°°{Q), then the solution u 
of the linear Dirichlet problem has the integral representation 



u{x) = J G{x,y)p{y)dy, 
n 

where for every x € f^, G(x, •) is the solution of the linear Dirichlet problem 

J -AG{x, •) = 6^ in n, 
I G{x, •) = on dn. 
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For N 3, we have for every x,y £ Q such that x ^ y 

Ci 



Thus, 



n 



It then follows from the Young inequality 11181 theorem 4.15] that for every 

ll'"llLP(f7) =^ C'2||/-f||Li(Q). 

Thus, the sequence of solutions (n„)„gN in the proof of the proposition is 
bounded in LP{Q) for every 1 ^ p < In particular, we may extract a 

subsequence which converges weakly in L^(il) and the conclusion follows. 

We can also give a direct proof of uniqueness without relying on the 
estimate in the proposition as follows. If u,v € L^{Q,) satisfy the Dirichlet 
problem with same datum /i, then for every C G C^{Q), 

{u-v)AC = 0. 



n 



Thus, for every / G C°°(J^), 

' {u-v)f = 0. 



Take a sequence (/n)neN in C°°{Q,) such that {fn)nm is uniformly bounded 
and converges to sgn (n — v) almost everywhere in Q,. Applying the pre- 
vious identity with / = /„, it follows from the dominated convergence 
theorem that 

\u — v\ = 0. 



Thus, u = V in Q,. 

In the proof of proposition 13.21 the solution u of the linear Dirichlet 
problem is obtained as the limit of a bounded sequence in the Sobolev space 
W^''^{n). Thus, u itself belongs to VFo'^(O) for every 1 ^ g j^. In 
particular, u vanishes on dQ in the sense of traces. 

It is possible to recover the Dirichlet boundary condition without ex- 
plicitly making reference to Sobolev spaces. The proof of the next proposi- 
tion relies on the weak formulation of the solution: 

Proposition 3.5. For every fi G M{^), if u is the solution of the linear 
Dirichlet problem with datum fi, then for every e > 0, 



/ 



\u\ ^ Ce \\^i\\M{n), 

{x&n:d{x,dn)<t} 
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for some constant C > depending on In particular, 



lim — / \u\ = 0. 



e->0 e 

{xen:d{x,dn)<e} 



Proof. We first assume that /U is a nonnegative measure. In this case, 
by the weak maximum principle (proposition lS. 1 ll , u is nonnegative. 

Let $ : [0, +00) ^> M be a smooth bounded function. Given e > and 
given C € C^{n), let C : ^ ^ M be defined by 



On the one hand. 



Thus, if is nondecreasing and C is superharmoruc in 0, 

Ac^ V(^)jvcp. 

On the other hand, if ^-(0) = 0, then Ce S C^{^). Thus, Ce is an admissible 
test function and 



We then have 



Min)- 



If the function <I> is concave, then the integrand in the left-hand side is 
nonpositive. Assume in addition that <I>"(0) < 0. Then, by continuity of <I>", 
there exists ci > and 6 > such that 

-$"^ci in [0,5]. 

If C is superharmonic and C 7^ 0, then by the classical strong maximum 
principle C > in 0, whence by the Hopf lemma, |VC| > 0. Thus, there 
exists e > and C2 > such that 

\V(\^C2 m{x en : d{x,dn) i^e}. 

We deduce that 

(^^^ j VCP ^ C3 m{xen: C(x) ^ e5 and d{x, dn) s: e}. 
Since C vanishes on dO,, by the mean value inequality we have for every 

C{x) < \\DC\\L^^^)d{x,dn). 
Choosing a positive superharmonic function ( G C^{n) such that 

it follows that for every < e ^ e, if x € 17 is such that d{x, dQ) < e, then 
C{x) ^ e6 and d{x,dU) ^ e. 
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Therefore, 

j csu ^ Cie2||^||_A4(Q). 

{xGn:d{x,dn)<e} 

Thus, the estimate holds for every < e ^ e. For e > e, the conclusion 
follows from the estimate 

^ C'||^||_A4(f7)- 

This concludes the proof when u is nonnegative. 

If the function u is not nonnegative, then we may proceed as follows. 
Take any nonnegative measure u G j\4{Q.) such that 

— v ^ fi ^ ly. 

By the weak maximum principle (proposition I5.1L the solution v of the 
linear Dirichlet problem with datum u is nonnegative and satisfies 

— V ^ U ^ V. 

Thus, for every e > 0, 

j V Ce^\\u\\M{n)- 

{x€n:d{x,dn)<e} {x€n:d{x,dn)<e} 

Choosing for instance v = \fi\, the conclusion follows. □ 

The previous proposition actually gives a better information near the 
boundary than saying that the solution belongs to Wq''^{Q) for 1 ^ g < 
In fact, a function in this Sobolev space satisfy the limit in the statement but 
the integral need not be controlled by a term of the order of e^. 

More generally, one may consider linear Dirichlet problems of the type 

( —Au = 11 in 0, 
\ M = on d^, 

where v is an function or a finite measure on dO.. This problem and its 
nonlinear version were studied by Brezis in 1972 in an unpublished work 
when V G L^{dQ) fST', lemma 4.1: 11051 lemma 2.5]. The existence of solu- 
tions of the linear Dirichlet problem with boundary measure data follows 
from an estimate of the solutions in L^(0) for 1 ^ p < using the Pois- 
son kernel 11741 lemma 1.4]. The boundary trace in this case is attained in 
the weak sense 111051 theorem 2.13]. 

2. Nonlinear case 

The nonlinear Dirichlet problem 

( —Au + g{u) =11 in $7, 
\ = on dU, 

may behave differently according to whether /i is an function or a finite 
measure. The meaning of solution is an adaptation of the linear case: 
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Definition 3.6. Let ^ : M M be a continuous function and let G 
M {ft). A function u : $7 M is a solution of the nonlinear Dirichlet problem 
if 

(i) u G L^n), 

(ii) g{u) e L^ni 

{in) for every C G C^{^), 

-juAC + l g{u)C = I (dfi. 

n n n 

To give a flavor of what happens in this case, let us momentarily con- 
sider the case where the nonlinearity g is nondecr easing. 

Proposition 3.7. Let (7 : M M fee a nondecreasing continuous function. 
For every fi G the nonlinear Dirichlet problem with nonlinearity g and 

datum fi has a solution. 

We explain the original argument of Brezis and Strauss f30^, theorem 1] 
who initiated the study of solutions of nonlinear problems with data at 
a time when mostly variational solutions were considered. 

Proof. For every m, n G N, we subtract the equation satisfied by Um 
by the equation satisfied by u„ and we get 

-A{Um - Un) + g{Um) " g{Un) = - P-n- 

Using sgn [um — ttn) as a test function — or to be more precise a regularized 
version of the sign function — we deduce that 



[g{Um) - g{Un)] Sgn {Um - Un) ^ J (^m " ^n) Sgn {Um - Un), 

n n 
since we formally have 



J A{Um - Un) sgn {Um - Un) > 0. 



This is a consequence of the fact that the sign function is nondecreasing 
11231 proposition 4.B.2] (see also lemma [Z2] and corollary |9.3| below). Using 
the monotonicity of g, we conclude that 

\\g{Um) - g{Un)\\L^Q) < ll^m " fJ-nh^Q)- 

Since {fin)n£N is a Cauchy sequence in L^(il), this implies that {g{un))n£N 
is also a Cauchy sequence in Thus, (g(n„))„gN converges in L^{Q). 

Convergence in of the sequence {un)neN is now a consequence of 

the linear estimates above. Indeed, for every in, n G N, 

\\Um - Un\\L-l{Q) < C'lK^m " g{Um)) - {fJ-n " g{Un))\\L^Q) 

^ C\\g{uni) - g{un)\\L^(n) + CWfini - fJ'nhnn)- 

Thus, 

\\Um — Un\\L'l-{n) ^ 2C||/im, — /Zn||Ll{C)- 

This estimate implies that the sequence (u„)„gN is also a Cauchy sequence 
in L^{Q). Thus, (n.„)„gN converges in L^(il) to some function u, whence 
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{g{un))neN converges in L^{Q) to g{u). Therefore, u solves the nonlinear 
Dirichlet problem with datum fj, G L^{Q,). □ 

The existence of solutions of the Dirichlet problem for every /x G L^{Q) 
when the nonlinearity g is nondecreasing relies on a contraction phenom- 
enon. There is an alternative argument due to Gallouet and Morel II 541 for 
nonlinearities g satisfying only the sign condition. Their strategy consists 
in showing that the sequence {g{un))neN is equi-integrable and this relies 
on the following estimate valid for every k ^ 0, 



\g{Un)\ ^ J |/Un|- 

{|Mn|>K} {|m„|>k} 

One might hope to use the same kind of argument to solve the nonlin- 
ear Dirichlet problem for an arbitrary finite measure /x. This is not possible. 
Indeed, the approximation of a measure by functions can be done in the 
weak sense of measures but not strongly and already in the study of the 
linear Dirichlet problem we relied on a compactness argument to obtain 
the existence of solutions. Moreover, there are measures for which the 
nonlinear Dirichlet problem does not have a solution. 

The first example of such surprising phenomenon was discovered by 
Benilan and Brezis l9j remark A.4;[l6l theoreme 1] and shows a major dif- 
ference between the nonlinear theory and the nonlinear measure theory: 

Proposition 3.8. Let a g Ifp^ -j^, then the nonlinear Dirichlet 
■problem 

( -An + 1^1^"^^ = Sa in Q, 
1 u = on dQ, 

has no solution. 

Proof. We assume for simplicity that a = and Q is the unit ball Bi 
centered at 0. Assume by contradiction that this problem has a solution. 

Let if G C;?°(IR^) be such that supp cp C Bi. Given n G N*, let (fn : Bi ^ R 
be the function defined for x G i?i by 

ipn{x) = ip{nx). 

Using ifn as a test function for the equation, we have 

B\ Bi Bi 

By the dominated convergence theorem. 



lim / \u\^ ^uipn = 0. 



n— >oo 

Bi 



Moreover, 



J uAifn = J uA(pn = J uAip{nx) dx. 



Bi Bi B, 



2. NONLINEAR CASE 23 

By the Holder inequality and by a change of variable, we deduce that 



Bi 



2-^ 

n p 



r 

1 
V 



|A(^(nx)|P dx 



Bj 



Bi 



Note that 2 — ^ if and only if p ^ jf^ and thus by the dominated 
convergence theorem, 

lim / uAifn = 0. 



Bi 



We deduce that ip{0) = 0. In order to get a contradiction, it suffices to take 
if such that ip{0) / 0. □ 



CHAPTER 4 



Linear regularity theory 

We prove Stampacchia's regularity theory IllOOl for the linear Dirichlet 
problem 

r —Au = n in 0, 
\ u = on dQ, 

which asserts that if is an function or a finite measure, then the so- 
lution u belongs to the Sobolev space wI''^{Vl) for every 1 ^ q < jf^- 
When fi is an function, the solution u need not belong to W'^'^{Q.), which 
would have been the natural counterpart of the Calderon-Zygmund regu- 
larity theory. 

1. Main estimates 

The main result of this section concerning the linear Dirichlet problem 
is due to Stampacchia IllOOi theoreme 9.1]: 

Proposition 4.1. Let ^ g M{^1). Ifu is the solution of the linear Dirichlet 
problem with datum ^, then for every 1 ^ q < j^^, u G W^''^{Q) and the 
following estimate holds 

for some constant C > depending on q, N and 0. 

In particular, by the Sobolev imbedding we have for every 1 ^ p < 
u G LP{n) and 

IkllipCn) ^ C'\\^\\M{p:y 

The estimate of proposition 14.11 will be obtained using a duality argu- 
ment which relies on the following estimate due to Stampacchia l|99l propo- 
sizione 5.1]: 

Lemma 4.2. Let F g C°°(17; R^). Ifv g C^ip) is the solution of the linear 
Dirichlet problem 

r-Aw = divF inQ., 
\ = on dQ, 

then for every p > N, 

W'^Wi^in) ^ C'll-^llLP(n); 
for some constante C > depending on p, N and Q. 

For the convenience of the reader, we follow the strategy of the proof 
from [601 lemma 7.3]. 
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Proof. We shall assume that N ^ 3. The case of dimension N 
requires a small modification concerning the Sobolev inequality. 
Given k > 0, let : M ^ M be the function defined for t € ffi by 



t + K if t < —K, 

if —K ^ t ^ K, 

t — K if t > Hi, 



Take (v) as a test function of the Dirichlet problem. On the one hand, 
by the Holder inequality, we have for every 2 ^ p < +oo, 

i_i 

\\DS^,{v)\\l2(^q) ^ ||i^||L2({|»,|>K}) ^ \\F\\Lp{n) \{\v\ > k}\2 p . 
On the other hand, by the Holder inequality and by the Sobolev inequality, 

\\S.{v)\\mn) ^ \\S.{v)\\^^^^^^ \{\v\ > 

^Ci\\DS^{v)\\l2\{\v\> Hi}\"^ + ^ . 

Combining both estimates, we deduce that for every k > 0, 

\\S.iv)\\mn)<Ci\\Fhpi^n)\{\v\>^}r, 
where a = 1 + ^ - i. 



Claim. If a > 1, then 



1 



Assuming the claim, we can conclude the proof of the lemma. Note that 
if p > A^, then a > 1 and the claim applies. Since ||i'||Li(!r2) ^ 
we deduce from the claim that 

which is the estimate we wanted to establish. 
It remains to prove the claim: 

Proof of the claim. By Cavalieri's principle 111081 coroUaire 6.34], 

= / \{\Sn{v)\ > S}\ ds = / \{\V\ > t}\ dt. 

Jo Jk 

Therefore, 

r+co 

/ \{\v\>t}\ dt^Cs\\FUpin)\{\v\>^}r. 

J K 

Let H : [0, +oo) -> M be the function defined for k ^ by 

r+oo 

H{k)= / \{\v\>t}\dt. 

Note that H is nonincreasing and in view of the estimate we have for almost 
every k ^ 0, 
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Integrating this inequality, we conclude that if a > 1, then there exists 
Ko ^ such that H{k,o) = and 



Since ||w||/^oo(-f^) ^ kq and H{0) = ||f||j;^i(f^), the claim follows. 
The proof of the lemma is complete. 



□ 
□ 



Corollary 4.3. Let f g C°°(0). Ifu e C^{il) is the solution of the linear 
Dirichlet problem 

-Au = f in n, 
u = on do,, 

then for every 1 ^ q < 

\\Du\\i^q(Q-) < C'II/IIli(J7)) 

for some constant C > depending on q, N and $7. 

Proof. On the one hand, by Green's identity we have for every u G 
and for every v € C^m, 

uAv = I vAu. 



n 



On the other hand, by the divergence theorem we have for every F G 

C°°{n; M^) and for every u € C^{Ti), 



Vu ■ F 



u div F. 



Thus, if u is the solution of the linear Dirichlet problem with datum / and 
if V is the solution of the linear Dirichlet problem with datum div F, 



Vu-F= vf. 



This yields 



/ 



Vu ■ F 



^ ll^^llL°°(n)ll/llLi(t7)- 



For every 1 ^ g < by Stampacchia's estimate (lemma |42)) we get 



Vu ■ F 



^ C\\F\\^g'^^^\\J\\L^Q). 



Since this estimate holds for every F G C°°(J7; M^), by the Riesz represen- 
tation theorem we get 



\Du\\lq(^Q-^ ^ CWfWl^Qy 



□ 
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By the Riesz representation theorem, every element T in the dual space 
(Wq ''^(^2))' can be written in the form 

T = div F 

for some F € L'^' (ft) in the sense that for every w € WQ''^{ft), 

Tiw) = j F ■ 
n 

In addition, 

ll^ll(vi/o'''(t7))' = W^Whi'in)- 
The previous corollary is based on the duality between the estimates 

and 

II^IIw/o^-'{c) ^ C'll^^llLi(n)- 

By definition, V^o'^(f^) is the closure of C^{Q) in W^^^i^). We have the 
following characterizations of an element in Wq''^{^): 

Lemma 4.4. Let u : O — > M i^e a measurable function. For every q ^ I, the 
following conditions are equivalent: 

(a) the extension U : M defined by 



U{x) 



u{x) if X € Vl, 

ifx a 



belongs to W^^'i{^^), 
{Hi) there exists G e Li(J7;M^) such that for every F G C°°(II;M^) 



j ndivF = j G F, 



n n 
in which case Vn = —G. 

In the proof of Stampacchia's regularity result we use the third char- 
acterization. The existence of G is obtained using the Riesz representation 
theorem and Stampacchia's estimate (lemma |42]|. 

Proof of proposition |4TT] On the one hand, for every ( G Cq°(^^)/ 

uAC = / Cd/i. 



Thus, 



uAC 



\C\\L^{n)\\lJ'\\M{n)- 
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On the other hand, for every F € C°°{n; R^), if v e C^{^) is the solution 
of the linear Dirichlet problem with datum div F, then for every I q < 
jfrjr we have q' > N and by Stampacchia's estimate. 

Applying the previous estimate with test function v, 



ndivF 



< C\\F\ 



Li' {n)\\f^\\M{n)- 



Thus, the functional 

F G C°°{n;R^) ^ j udivF 



s>N\ 



admits a unique extension as a continuous linear functional in L"? (0; ] 

By the Riesz representation theorem, for g' < +oo there exists a unique 
function G £ L'?(J7; M^) such that for every F € G'^{n; M^), 

ndivF= IGF. 



n n 

Thus, u € W^''^{Q) and Vu = —G. In particular, the conclusion also holds 
for q = I. 

Since for every F G C°°(0; M^), 



Vu-F 



^ C\\F\ 



N 



Li'{Q)\\t^\\M(n)^ 



we conclude that for every I ^ q < jy^j, 

\\Du\\Lq(^^-j ^ C'llMllAi(n) 

The proof of the proposition is complete. □ 

An alternative approach to Stampacchia's regularity result is to prove 
simultaneously existence and regularity of solutions following the strategy 
of the proof of proposition 13.21 By uniqueness of the solution, this implies 
that every solution of the linear Dirichlet problem has the required regular- 
ity 

The next corollary clarifies the meaning of the boundary condition that 
is implicit in Stampacchia's formulation of solution of the Dirichlet prob- 
lem: 

Corollary 4.5. For every fi g M{^), u is a solution of the linear Dirichlet 
■problem with datum fi if and only ifu G ^(^'^(O) and the equation —Au = ^ is 
satisfied in the sense of distributions in ^l, meaning that for every 99 G (7^(0), 

Vn • Vip = I tpd^. 



a 



30 



4. LINEAR REGULARITY THEORY 



Proof. If n is a solution of the Dirichlet problem, then the equation is 
satisfied in the sense of distributions and by Stampacchia's regularity result 
(proposition 14. Ijl . u € VFq (^)- Conversely, assume thatu € W^'\^) and 
the equation is satisfied in the sense of distributions in Q.. On the one hand 
by an approximation argument on the test function (see for instance the 
proof of proposition 4.B.1 in II23I ), we have for every Q € C^(0), 

Vtt • VC = j Cd//. 
On the other hand, if u € Wl'^{Q), then 



Vu-VC = - J uAC, 
n n 

whence uisa solution of the linear Dirichlet problem with datum fi. □ 

Stampacchia's original result concerns not only the Laplacian but any 
elliptic linear operator with bounded coefficients. Overall, the proof of 
Stampacchia's regularity result for measure or data is simpler compared 
to Calderon-Zygmund's regularity theory which relies on singular inte- 
gral estimates. 

We recall that the classical Calderon-Zygmund theory for the linear 
Dirichlet problem 

-Au = 11 in 0, 
n = on (90, 

asserts that if 1 < p < +oo and if /i G LP(0), then u G W'^^p{Q) n wl'^{VL) 
and the following estimate holds, 

lkllvy2.P(n) ^ C\\ix\\ip(^Qy, 

see |I551 theorem 9.15 and lemma 9.17]. This inequality is false for p = 1 or 
p = +00. In particular, if G it may happen that u W'^'^{Q). 

We explain why the Calderon-Zygmund estimate cannot hold for p = 1, 
by giving the argument in dimension ^ 3. If the estimate 

I!^lliy2>i(n) ^ C'II^IIli{q) 

were correct, then by the Sobolev-Gagliardo-Nirenberg inequality we would 
have 

ll^^ll iV ^ Cll/ill r 1 ("O"! • 

By an approximation argument, this inequality would also hold with /i re- 
placed by a Dirac mass 5a, in which case should be understood as 
the total mass of the Dirac mass, namely 1. But this is not possible since if 
is the unit ball Bi centered at 0, then the solution of the linear Dirichlet 
problem with datum 5q is given by 

<X)=CN { njN-2 - ^ 



butn ^ LN-2{p), 
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The situation for p = 1 can be even worse than one might expect. By a 
remarkable counterexample of Ornstein 11861 theorem 1], even the stronger 
inequality 



N 



Ell 



i=l 



Li(Q) 



is false. 



2. Weak estimates 

We now present an improvement of Stampacchia's regularity theory for 
solutions of the linear Dirichlet problem in terms of weak estimates, as 
an alternative to the duality argument of the previous section. We have 
seen that if u is the solution of the linear Dirichlet problem with datum fi, 
then the estimates 



N ^ C /J- rA(Q) 



and 



ll-^^^^ll JV =^ C^'ll^llT-ifn") 

are false. We shall see that they have a true counterpart for weak spaces. 

Such weak estimates can already be found for instance in the appen- 
dix of a paper by Benilan, Brezis and Crandall || 10| | and their proof is based 
on the Newtonian potential generated by the measure in the whole space 
M^. The proof we present below follows a different strategy developed by 
Boccardo and Gallouet pT|. Compared to the estimates we have already 
established, these weak estimates have the advantage that the constants 
involved do not depend on the domain. 

Proposition 4.6. Let N ^ 3. For every ^ g M{Vt), ifu the solution of the 
linear Dirichlet problem with datum fx, then for every t > 0, 

iV-2 C 

\{\u\ >t}\ ^ ^ -\MM{n) 

and 

N-l C' 

\{\Vu\ >t}\ ^ ^ —M\M(n) 

for some constants C, C" > depending only on the dimension N. 

We recall that a measurable fimction u : (7 — )• M is a weak function if 
for every t > 0, 

t\{\u\ > t}\p ^ C. 

If u is an function then by the Chebyshev inequality it is also a weak 
LP function but the converse is false. However, by Cavalieri's principle 



1081 corollaire 6.34], for every 1 ^ q < +oo, 

/r+oo 
\u\'^ = q J fJ'^lilu] >t}\ dt, 



which implies that if n is a weak L'p function, then it is an L'^ function for 
every 1 ^ (7 < p. 
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The key-point in Boccardo-Gallouet's argument is the use of the trun- 
cation function : M — > M defined for s G M by 

— K if S < —K,, 
Tk{s) = \ S if —K ^ S ^ K, 

K if S > K. 

V 

The argument relies on the following interpolation estimate: 

Lemma 4.7. For every fj, G M{^), if u the solution of the linear Dirichlet 
problem with datum fi, then for every k > 0,we have Tk{u) g Wq''^{^) and 



1 

2 

M{n)- 



Li(n)- 



Proof. We first establish the estimate when u G W^''^{Q,). In this case, 
for every k > we have Tf^{u) G Wq''^{Q) and 

|Vr,(n)|2 = Vr,(n) • Vn. 

Using Tk (u) as a test function in the equation satisfied by u we get 

j |Vrj'u)|2 = j VT^{u) ■Vu = - j T^iu)Au k\\A 

n n n 

This gives the estimate when u G Wq''^{Q,). 

Given ^ G 7W(il), we consider a sequence of functions (^„)„(=n in C^(f2) 
converging weakly to in the sense of measures as in the approximation 
lemma (lemma [3!4l l. If u„ denotes the solution of the linear Dirichlet prob- 
lem with datum fin, then for every n G N, 

1 1 

1 2 

Since the sequence {TK{un))neN is bounded in Wq' ($7) and ('Un)neN con- 
verges to u for instance in (Q,), the conclusion follows. □ 

We deduce from this lemma that for every u G WQ^'^(il) such that u G 
L~(0) and Au G L^{n), we have u G W^'^i^) and 

(2.1) \\Du\\L2(^n) ^ ll^ll!oo(o)ll^^ll!i(Q)- 

This inequality is an easy case of the Gagliardo-Nirenberg interpolation 
inequality Il53ll84ll . 



for every 1 ^ p < +oo. 



Proof of proposition 14. 6[ We begin with the first inequality. By the 
interpolation inequality Clemma l47|). for every t > 0, Tt{u) G Wq''^{Q). 
Thus, by the Sobolev inequality, 

\\Tt{n)\\^^^^^^^Ci\\DTt{u)h2^n)- 

By the Chebyshev inequality, 

iV-2 

t\{\u\>t}\^ i^\\Tt(u)\\ 2N 
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while by the previous interpolation inequality, 

\\DTt{u)\\L2i^n) ^i^ll^llXi(n)- 

We deduce that 

N-2 1 i 

This gives the first estimate. 

We now establish the second estimate. Note that for every s > and 

t > 0, 

|Vii| > f 

\u\ ^ s 

Thus, 

|Vm| > f 
\u\ ^ s 

We have already an estimate of the second term in the right-hand side. In 
order to deal with the first one, we first note that 

'\Vu\ > f 



{\Vu\ >t} C 
\Vu\ > t}\ ^ 



U {\u\ > s}. 
+ \{\u\>s}\. 



\u\ < s 



{\VT,{u)\>t}. 



By the Chebyshev inequality and by the interpolation inequality (lemma |42)|, 



\Vu\ > t 
\u\ < s 



^ ||Vr^(n)||i2(f^) ^ s2\\fM 



We then have 



JV 

|Vn| > t}\ ^ ^II^IU(C) + ^11/^"""' 



Co 



_N_ uf^uMin)- 

SN-2 



Minimizing the right-hand side with respect to s, we obtain the second 
estimate in the statement. □ 



are 



The counterpart of the estimates of proposition |4.6| in dimension N = 2 

\{\u\ > t}\ C|rj|e-^*/ll'^"l'^(") 

and ^ 

\{\Vu\>t}f ^ ^\\Au\\M(n)- 

The first one can be obtained as in the previous proof by replacing the 
Sobolev inequality by the Trudinger inequality |55> theorem 7.15: 11021 , 



The second estimate is more subtle. In IllOi lemma A. 14] it relies on the 
integral representation 



where G denotes the Green's function, which satisfies the estimate 



|V,.G(x,2/)| ^ 



C" 

\x - y\ 
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In view of the strategy of Boccardo and Gallouet this argument is un- 
satisfactory in the sense that it relies on the linearity of the Laplacian and 
on the integral representation of solutions of the Poisson equation. More 
recent proofs using the structure of the Laplacian can be found in 11431 theo- 
rem l.l;i65i theorem 1.2;i80,, theorem 1.4] but they are not as elementary as 
in the case of dimension N ^ 3. 

3. Compactness in Sobolev spaces 

By Stampacchia's estimate ('proposition l4.1)l . we have the following com- 
pactness result in Lebesgue spaces: 

Proposition 4.8. Let {fin)nm be a sequence in M{9), and for each n G N 
let Un he the solution of the linear Dirichlet problem with datum If {^JLn)nm 
is hounded in M.{yi), then there exists a subsequence {un,.)k&i which converges 
strongly in I/'{Q)for every I < 

Proof. By proposition llJl the sequence {un)neN is bounded in Wq'''{U) 
for every 1 ^ q < jj^- The conclusion follows from the Rellich-Kondrachov 
compactness theorem. □ 

A stronger result is actually true: 

Proposition 4.9. Let {fin)nm be a sequence in M{^), and for each n G N 
let Un be the solution of the linear Dirichlet problem with datum If {^n)nm 
is hounded in M.{yi), then there exists a subsequence {un,.)k&i which converges 
strongly in W^''^ {VI) for every 1 ^ q < jf^. 

This result is due to Boccardo and Gallouet llll assertion (21)] and relies 
on the following inequality which is implicitly proved in llll I : 

Lemma 4.10. For every /x G M{^), ifu the solution of the linear Dirichlet 
problem with datum /x, then for every t > 0, 

2 4 

\{\Vu\ > t}\ ^ ^\\u\\Li(n)y\\M{n)- 
Proof. Let t > 0. For every s > 0, 

{ivni>t}c|'7;'>'|u{H>.}. 

Thus, 

i{ivni>t}i^ I'^rl^*) +i{H>«}i- 

By the Chebyshev inequality and the interpolation inequality (lemma l47)l . 



|Vu| > t 
\u\ ^ s 



\{\VT,iu)\ > t}\ ^ j^M\M{n)- 



By the Chebyshev inequality, we also have 

\{\u\ > s}\ ^\\u\\li(^q). 

Combining both estimates we get 

s 1 
\{\Vu\ > t}\ < + -WuWlHQ)- 
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Minimizing with respect to s we obtain the estimate. □ 

Proof of proposition I4.9[ Passing to a subsequence if necessary, we 
may assume that {un)n£N is a Cauchy sequence in L^{Q). By the estimate 
we have just proved, for every t > and for every m, n € N, 

2 4 

|{|VUm - VUril > t}\ ^ -^WUm - Un\\L^{n)\\^Um - Au„||_A4(n)- 

Thus, (Vu„)ngM is a Cauchy sequence with respect to the Lebesgue mea- 
sure. Since for every I ^ q < this sequence is bounded in L'^{^1), by 

interpolation in Lebesgue spaces we deduce that it converges in Wq''^{Q) 
for every such exponent q. □ 

From the equivalent formulation of weak solutions in terms of the Sobolev 
space VFQ^'^(r2) (corollary I4.5D , the vector space 

x{n) = {ue w^'\n) : Au G M{n)} 

equipped with the norm || Au||_^^q-) is a Banach space. From Boccardo- 
Gallouet's compactness result, X{Q,) is compactly imbedded into W^'''{Q) 
for every 1 ^ q < By some recent estimates of Mingione in frac- 

tional Sobolev spaces ISOl theorem 1.2], X{Q) is still compactly imbedded 
in for every s < 2. 

In view of the interpolation inequality in W^''^{Q) (lemma [4.7|l and of 
Boccardo-Gallouet's compactness result, one might wonder whether X (J]) n 
L°°(r2) is compactly imbedded in VFq' (Jl), but this is not true by a coun- 
terexample of Cioranescu and Murat HH example 2.1]. 



CHAPTER 5 



Maximum principles 

We present counterparts of the standard maximum principles in the set- 
ting of Stampacchia's weak solutions. We keep track of the information of 
what happens near the boundary by using C^{Q) test functions — which 
vanish on the boundary but possibly have nonzero normal derivatives — , 
rather than C^{Q,) test functions — which have compact support in U. 

1. Weak maximum principle 

We begin with the substitute of the classical weak maximum principle 
in the setting of weak solutions: 

Proposition 5.1. Let u e 
(i) IfAu > in the sense of{C^{Ti)y, then u ^ m Q. 
{ii) IfAu ^ in the sense of{C^{Tl)y, then u^Oin Q. 

For instance, by Au ^ in the sense of ((7^(0))' we mean that for every 
C G such that C ^ in 

J uAC ^ 0. 

n 

Proof. We only need to establish assertion (i). For every ( G Cq°{Q) 
such that C ^ in $7, 

J uAC ^ 0. 
n 

For every / G C°°{Ti), let C G C^{^) be the solution of the linear Dirichlet 
problem 

r-AC = / in a 

\ C = indn. 

If / ^ in r^, then ( is superharmonic, whence ^ ^ in f]. We then deduce 
that 

n 

Since this inequality holds for every / G C°°{Q,) such that / ^ in 0, we 
may take a sequence (/n)neN of such functions converging almost every- 
where to the characteristic function X{m>o} ^i^d such that (/n)neN is boimded 
in L°°(il). By the dominated convergence theorem we deduce that 

j n ^ 0. 

{m>0} 
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Therefore, u ^ almost everywhere in 0. □ 

It is useful to have a condition that allows to pass from an inequality in 
the sense of distributions to an inequality in the sense of {0^(0.))'. Stated 
differently, we want to find an assumption which insures that a subsolution 
of the equation 

— Au = fi in Q, 
is a subsolution of the Dirichlet problem 

-Au = 11 in n, 
n = on dU.. 

This can be done under some additional information that insures that u 
is nonpositive on the boundary dO.: 

Proposition 5.2. Let u g L^{Vt) and ^ g M{Q). The following assertions 
are equivalent: 

{i) -Au ^ fi in the sense of{C§°{Q)y, 
(a) —Au ^ n in the sense of distributions in U and 

lim — / u^ = 0. 

e^o e J 

{x&Q:d{x,dn)<e} 

The direct implication relies on the fact that a solution of the linear 
Dirichlet problem satisfies the limit above. 

Proof of proposition 15.21 (i) =^ (a). We only need to show that the 
limit holds. 

Given JI G M.{^1), let u be the solution of the Dirichlet problem 

-Au = JI in 0, 
M = on 50. 

Thus, 

A{u — u) '^'p — fi 
in the sense of {C^{Q,)y. Choosing Jt such that 

/I — ^ ^ 0, 

it follows from the weak maximum principle (proposition 15.11 1 that u ^ u. 
Assuming in addition that 

then by the weak maximum principle we also have u ^ 0. We deduce that 

u^ = max {u, 0} ^ u. 

Thus, for every e > 0, 

^ j n+ < J u. 

{xen:d{x,dn)<e} {xen:d{x,dn)<e} 
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Since u is the solution of a Dirichlet problem with zero boundary data, we 
deduce that (see proposition[ 

, 1 

lim — / u = 0. 



e-)-0 e 

{xen:d{x,dn)<e} 

This concludes the proof. □ 

In order to prove the reverse implication, we need a local version of 
Stampacchia's regularity result: 

Lemma 5.3. If u e Ll^^{i}) is such that Au G M\oc{^), then for every 
if G C^{n), uip G WQ'\n), A{uip) G M{n) and 

A{uip) = ipAu + 2Vn • + uAip. 

This localization lemma is useful in the sense that it reduces the study 
of a function u G ^[^^(0) such that Au G Miod^) to another one where 
the function vanishes on the boundary, in which case we may use Stampac- 
chia's regularity theory for the linear Dirichlet problem fproposition l4. 1 |l . In 
particular, we deduce that every function u G L^(0) such that Au G M{fl,) 
belongs to W^];^{n) and even to for every 1 ^ q < 



Proof of lemma [531 We first show that u G W^^^i^l). To this pur- 
pose, we may assume that Au G M{fl). Let v be the solution of the linear 
Dirichlet problem 

{—Av = Au in il, 
V = on d^l. 

Then, for every C G C^(n), 

j {u + v)AC = 0. 

On the one hand, by the classical Weyl's lemma 11106 1 , u + v is a harmonic 
function, whence u + v £ C°° {Q). On the other hand, by Stampacchia's reg- 
ularity theory (proposition gl), v G Wl'^{9). We deduce that u G Wl^l{^) 
as claimed. In particular, for every 93 G C^(0), u(p G M^q^'^(S7). 
We now prove the formula of A{uLp). For every ip G C^(r2), 

^pA'4) = A(93^) - 2V(/3 • VV' - ipA(p. 

Since Au G M\oc{^), 



uipAil) = J iptp Au ~ ^ J WVip ■ Vtp — J utpAip. 
n n n n 

Since -u G W^^^{n), we also have 

J uVip ■ Vip = — J Vu ■ Vip V' ~ y "uAip ip. 
Q on 
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Combining both identities. 



j uipAip = y ^ {(pAu + 2Vu ■ Vif + uA(p) . 
n a 
We conclude that 

A{uip) = ipAu + 2Vn • + uAip, 

in the sense of distributions in Q. Since the right-hand side belongs to 
A^(0), the conclusion follows. □ 

We also need the following version of Green's identity and the proof is 
based on approximation of u via convolution with smooth mollifiers: 

Lemma 5.4. Let u g wl^l{Vt) he such that Au G Miod^). For every 
smooth open set u Q and for every ( G C^(ZJ), 

dn 



uAC = I CAn+ / n^. 



did 



We may now complete the proof of the proposition: 



Proof of proposition |5T2] (a) (i). Let C e C^{^) be such that 
( ^ in ri. For every regular value t > of (, the set {( > t} is smooth and 
{C > t} Q. By the localization lemma above, u G Wj^'^^(il). By Green's 
identity we have for every ip G C^({C > *})/ 

dip 



uAi/j ^ J ipdfi— J u-^ . 
{C.>t} {C>t] d{C>t} 

Applying the inequality above with test function if) = C, — t, we have 

- / ^AC^ j {C-t)d^^- j u^. 
{c.>t} {c>t} a{c>t} 

For every x G 3{C > t}, 

|^(x) = -|VC(x)|. 
Moreover, since t is a regular value of C, d{C, > t} = {Q = t}. Thus, 

- / / HVCK / ^+|VCI, 
aK>t} {C=t} {C=t} 

which gives 

- j uAC^ I iC-t)d^l+ I n+|VC|. 
{C>i} K>t} {C=i} 

Claim. If C G is such that C > in 17 and ^ < on 50, then 

liminf / u+|VCl=0. 
t->-o J 

{C=t} 
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We assume the claim and conclude the proof of the proposition. 

Assume that C satisfies the assumptions of the claim. By Sard's lemma 
we may choose a sequence (tn)nGN of regular values of ( converging to 
such that 



lim / u+|VC| = 0. 

I— >oo J 



n->- 

{C=in} 



Since for every n G N, 

J uAC;^- J u+\VC\+ J (C-in)d/i, 

{C>in} {(=tn} {C>tn} 

by the dominated convergence theorem we deduce that 

uAC ^ / Cd/U. 



This estimate was established assuming that ^ > in 17 and that ^ < in 
dQ. For an arbitrary ( G Cq°(0) such that ^ in 17, we proceed as follows. 
Let ( € C^{Q) be a function satisfying the assumptions of the claim. For 
every e > 0, the function C + also satisfies the assumptions of the claim. 
Thus, 



Letting e tend to 0, the conclusion follows. 
We are left to establish the claim: 

Proof of the claim. By the co-area formula HH theorem 1.23], for 
every a > and for every e > 0, 

f (/„^|VC|)*. 

{C=t} {0<C<ae} 

Since C > in and |^ < in 50, there exists a > such that for every 
e > 0, 

{0<C <ae} C{x £n: d{x, dn) < e}. 

Thus, 



f (/n-|VC|)d., 



u . 

{C=t} {xen:d{x,dn)<e} 

Hence, by assumption on the integral in the right-hand side. 



from which the claim follows. □ 
The proof of the proposition is complete. □ 
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There is an alternative proof of the implication (u) =^ (i) of proposi- 
tion 15.21 First, one shows that there exist two nonpositive measures u E 
M{dn) and A G Miod^) such that for every C € Cg°m with C^OmQ, 

uAC = Jcdfi + J CdX- J l^di/. 

n n n an 

The existence of A is a consequence of a property of positive distributions 
(see lemma 15.121 below) and is fairly straightforward. The existence of fi 
is a consequence of the Herglotz theorem concerning positive harmonic 
functions 111051 theorem 2.13]. One may then use the same strategy as in the 
proof of 11741 lemma 1.5]. 

In the case of measure boundary trace, Vu (Q), but some estimates 
of Vu in spaces with weights are available II42I . 

2. Variants of Kato's inequality 

Kato's inequality 11641 lemma A] can be seen as a replacement of the 
maximum principle for functions which need not be twice differentiable 
or at least that do not belong to the Hilbert space VF^'^(il). The original 
motivation of Kato was to study properties of solutions of the Schrodinger 
equation which need not be variational. 

This inequality can be stated as follows: 

Proposition 5.5. I/n e L^{Q) is such that Au e then 

An+ ^ X{n>o}Au 

in the sense of distributions in 0. 

Sketch of the proof. The first step of the proof of Kato's inequality 
relies on the observation that when the function u is smooth, then for every 
smooth function <l> : M M, 

A^{u) = ^'{u)Au + $"(n)|Vnp 

and if in addition $ is convex, then 

A$(u) ^ <^>'{u)Au. 

The next step consists in approximating u £ (il) by smooth functions — 
for instance via convolution — in which case we may apply the inequality 
above. In the last step, we approximate the function t € M i— )■ i+ by convex 
smooth functions. □ 

The main ingredient in the proof of the classical maximum principle 
relies on the fact that if u attains its maximum at some point x £ Q,, then 
Au{x) ^ 0. Similarly, if u attains its minimum at x G f], then Au{x) ^ 0. 

This information is encoded in Kato's inequality as follows. Given a 
twice differentiable function ti : — )• M, we have for every x G Q,, 



Au~^{x) 



Au{x) if u{x) > 0, 
if u{x) < 0. 
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If u{x) = 0, then Au^{x) need not be well defined in the classical sense. 
Since in this case x is a minimum point for u^, which is a nonnegative func- 
tion, we could formally say that Au+(x) ^ 0. We arrive at the following 
pointwise statement of Kato's inequality, 

Au+(x) ^ X{u>o}{x)Au{x). 

This geometric interpretation of Kato's inequality has been pointed out by 
Yanyan Lin in a personal communication. Connections with the problem 
of removable singularities have been investigated in Il38ll39l . 

The assumption Au € L^(il) is not stable in the context of Kato's in- 
equality. Indeed, Au^ is a locally finite measure in Q which in general is not 
an function. For instance, for every a < c < b, the function u : (a, 6) — > M 
defined by u{x) = x — c satisfies An+ = (W^)" = 5c in the sense of distribu- 
tions in (a, b). The property that Au~^ is a locally finite measure is a more 
general fact concerning positive distributions (see lemma 15.121 1. 

Kato's inequality is usually applied to a solution of some equation, in 
which case the assumption An S is probably enough. However, 

when dealing with subsolutions, or in our case where the equation itself 
involves measures, such assumption on Au is restrictive. 

In order to have a counterpart of Kato's inequality when Au is a mea- 
sure, one should first understand the meaning of the product X{ti>o}^^- 
This is a delicate issue. Indeed, if u and v are two functions which coin- 
cide almost everywhere in Q, then Au and Av coincide as distributions but 
X{u>o}^^f and X{v>q}^'^ need not coincide. 

We propose three ways of handling the product X{«>o}^^ in Kato's 
inequality when Au need not be an function. 

The first strategy consists in eliminating the function X{u>o} follows. 
If u is smooth, then 

X{u>o}^u ^ mill {An, 0}. 

Using this trick in the proof of Kato's inequality we get the following propo- 
sition: 

Proposition 5.6. Ifue L^{Q) is such that Au g then 

Au+ ^ min {An, 0} 

in the sense of distributions in 

The second strategy consists in replacing An by some function smaller 
than An. Assuming that n is smooth and that An ^ / for some / € L^{Q), 
then 

X{u>0}^U ^ X{u>0}f- 

Using this inequality in the proof of Kato's inequality we get the following 
proposition: 

Proposition 5.7. Let f£L^{Q).Ifu£ L^{^1) is such that 

Au^f 

in the sense of distributions in fl, then 

An+ ^ X{u>o}f 
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in the sense of distributions in VL. 

These two statements or a suitable combination of them suffice for most 
purposes. 

Kato's inequality implies the following generalization for the maximum 
of two functions: 

Proposition 5.8. Ifui,u2 G L^{^}) are such that Aui, Au2 G L^{0,), then 

Ami + 

Amax|ui,U2} ^ X{«i>«2}^"i + X{ui<u2}^U2 + X{m=u2} ^ 

in the sense of distributions in $7. 

This more general version actually follows from the standard Kato's 
inequality by noticing that for every ai,a2 G M, 

, , ai + 02 + |ai — 02I 
max|ai,a2| = 

and 

|ai - 02! = (oi - a2)~^ + (02 - ai)~^. 
We shall need the following variant in the spirit of proposition l5.7l 

Proposition 5.9. Let /i, /2 g L^{0,). Ifui,u2 g L^{U) are such that 
Aui > /i and Au2 ^ /2 
in the sense of distributions in $7, then 

fl ~l~ /2 

Amax{ni,n2} ^ X{ui>u2}h + X{«2>«i}/2 + X{ui=u2} ^ 

in the sense of distributions in $7. 

We cannot deduce this statement from proposition 15.71 since the func- 
tions ui — U2 and U2 — ui need not satisfy the assumptions of proposition l5.7l 
unless A{ui — U2) is an function. The proof of the proposition relies on 
a smooth approximation of the function max. 

Proof. Given a smooth function $ : M M, let it; : J7 M be the 
function defined by 

U1+U2 + ^{ui - U2) 

^ = 2 • 

Assume that ui and U2 are smooth. If $ is convex, then 

A.; ^ l±^:(|l^An, + '-^^^^^^^Au2. 

If for every t G M, — 1 ^ <I>'(t) ^ 1, then the coefficients of Aui and An2 are 
nonnegative. Thus, by assumption, 

1 + ^'{ui - U2) „ 1 - $'(mi - U2) „ 
Aw; ^ ^ fl + ^ /2. 

Let uj (£ be an open set and let be a smooth mollifier such that 
oj + supp pe C il. We have 

A(/)^ * ui) ^ Pe * /i and A{p^ * U2) ^ Pe * f2 
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pointwisely in uj. Let : w — )• M be the function defined by 

Pe * Ui + Pe * U2 + * Ui - p^ * U2) 
We = . 

Thus, 

1 + ^>'(pe *Ul- Pe*U2) , , 1 - ^' {pe * Ul - p^ * U2) , 
^ fl H /2 

pointwisely in uj. Letting e tend to 0, we deduce that 

1 + - U2) „ , 1 - $'(ni - tia) „ 
^ fl + /2 

in the sense of distributions in uj. Since w ^ $7 is arbitrary, this inequality 
holds in the sense of distributions in Q. 

In order to get the conclusion, we consider an approximation of the 
absolute value by smooth convex functions. More precisely, let {^n)n&] be 
a sequence of smooth convex functions such that 

(a) for every t € M, -1 ^ ^ 1, 

(b) for every t < 0, lim = -1, 

(c) for every t > 0, lim <I>^(t) = 1, 

n— >oo 

(d) lim $^(0) = 0. 



The conclusion follows by applying the dominated convergence theorem. 

□ 

We now return to our discussion about the product X{u>o}^^ that ap- 
pears in Kato's inequality. The third strategy consists in giving a meaning to 
X{u>o}^u by choosing a good representative of u. 

We first observe that since Au is a finite measure, u has a quasicontin- 
uous representative u with respect to the W^'"^ capacity and u is unique up 
to sets of zero W^^"^ capacity (see proposition lA.lOl l. 

Next, every measure i^i has a unique Lebesgue decomposition as a sum 
of two measures, 

P = Pd + Mc, 

where the measure is a diffuse measure with respect to the capacity 
capy[/i,2, meaning that for any Borel set ^ C such that cap^yi,2 (A) = 0, 

f^diA) = 0, 

and pc is a measure concentrated in some Borel set £' C of zero W^'^ 
capacity, meaning that 

\p,\{n\E) = o. 

The proof of such decomposition in terms of the W^'"^ capacity is the same 
as for the classical decomposition in terms of the Lebesgue measure, in 
which case one measure is absolutely continuous with respect to Lebesgue 
measure and the other measure is singular with respect to Lebesgue mea- 
sure im lemma 4.A.1]. 

Using the notation above, we have the following counterpart of Kato's 
inequality due to Brezis and Ponce Il26l theorem 1.1] (see also 
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Proposition 5.10. Ifue L^{Q) is such that Au e M{U), then Au+ g 
A^ioc(S^) and the diffuse part of Au~^ with respect to the W^'"^ capacity satisfies 

(An+)d ^ X{s>o}(Au)d. 

The inequality above should be understood in the sense of measures, 
meaning that for every Borel set A <zQ., 

(An+)d(^) ^ (At.)d(yln{n>0}). 

Thus, for every (/? G C'^{Vl) such that (/? ^ in il. 



n {u>o} 

The proof of this version of Kato's inequality requires some additional 
work and relies on a characterization of diffuse measures as elements of 
L^{n) + (W^'^in))' due to Boccardo, Orsina and Gallouet Ql (see corol- 
lary OZldl]) below). 

Compared to Kato's inequality, there is a piece of the inequality missing 
which concerns the measure (An+)c. We shall return to this issue after 
discussing the inverse maximum principle (see corollary 15. 18D . 

We deduce the following consequence for the maximum of two func- 
tions: 

Corollary 5.11. Ifui,u2 G {U) are such that Aui,Au2 G M{0,),then 
Amax{iii,ii2} G A4ioc(^^) cind the diffuse part o/ Amaxjui, U2} with respect 
to the W^''^ capacity satisfies 

(Amax{ni,U2})d 

^ /A ^ , ^ , (Ani)d + (An2)d 
^ X{ui>u2}[^ui)d + X{ui<u2}[^U2)d + X{ui=u2} 2 ■ 

We now return to the issue of what it can be said about Au^. The clas- 
sical result for positive distributions asserts that Au"*" is a locally finite mea- 
sure: 

Lemma 5.12. Let ^ g A^ioc(^^)- If F C^(ri) Ris a linear functional 
such that F ^ n in the sense of distributions in 0, then there exists a unique 
A G M\oc{^) such that F = Xin the sense of distributions in fi. 

Proof. We may assume that /i = 0. Given a nonnegative function 
if G C^(r^), for every ip G C°°(0) the function (||V'llL°°(n) - is an 
admissible function in the inequality F ^ 0. By linearity of F we have 

Since this property holds for every i/" G C°°{^), we have 

\F{ijip)\^F{ip)U\\Lo.^n)- 

Given an open subset w d O, we choose ip G C^(0) such that = 1 in 
u. For every -0 G C^(a;), we then have V'V = and in addition |l0||Loo(f^) = 
II^IIl-'H- Therefore, 

|F(0)KF((^)||V'|U-H. 
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Thus, the linear functional F has a unique extension as a continuous linear 
function on the Banach space Cq (ZJ) of continuous functions vanishing on 
duj. By the Riesz representation theorem 11511 theorem 7.17], there exists a 
unique finite measure in oo such that for every ip G C^{uj), 




Using a partition of unit of Q the conclusion follows. □ 

It is natural to ask whether under the assumptions of Kato's inequality, 
Au~^ is a finite measure. The answer is negative even if u is harmonic in 
and has a continuous extension to Q 1291 proposition A.l]. However, the 
answer is affirmative if u satisfies the linear Dirichlet problem 

r —Au = n inU, 

\ u = on dft, 

in which case we have the estimate 

More generally, the following is true: 

Proposition 5.13. Let ^ ^ M (il). Ifu is the solution of the linear Dirichlet 
problem with datum ^t, then for every convex Lipschitz continuous function $ : 
M ^ M, we have A^{u) e M{n) and 

\\^^iu)\\M{n) ^ 2C\\Au\\Min), 
where C > Ois any constant satisfying the Lipschitz condition of^. 

This proposition does not appear in 1129 1 , but all the ingredients are 
proved in that paper. The result relies on the estimate 

(2.1) \\A{u - a)+||_A4(f7) 2||Au||^(Q) 

valid for every a € M. The constant 2 is needed here because if a > 0, 
then the function {u — a)~^ is compactly supported in f7, which doubles 
the total mass of its Laplacian. This inequality is obtained by combining 
||29l theorem 1.1] and 1^ theorem 1.2]. 

Proof of proposition 15.131 We first consider the case where <I> is con- 
vex and piece wise affine. 

Let us temporarily assume that $ is monotone, say nondecreasing, and 
= for every t ^ ai. In this case, there exists finitely many numbers 
oi < ... < in M, Qi, . . . , in [0, +00) and /3 in M such that for every 
t G M, 

e 

«>(t) = /3 + ^ai(t-ai)+. 

i=l 

Thus, A$(u) G M{0,), and by the triangle inequality and inequality (|2.1|l 
above, 

t i 
\\^^{u)\\M{n) ^"^aiWAiu - ai)+\\M^n) ^ 2 ^ ai||Au||_/v,(j^). 

i=l i=l 
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Note that in this case, the Lipschitz constant of $ is given by ^ a^. 

i=l 

When $ is convex and piecewise affine but not necessarily monotone, 
we take 

c = inf and c = sup ^' . 

There exist convex and piecewise affine functions $1 : M ^ R and $2^1^—^ 
M such that 

(a) for every f G M, 

<I>(t) = $l(t)+c52(t) + ^t, 

(6) <I>i is nonincreasing and $2 is nondecreasing, 
(c) there exists ao G M such that for every t ^ oq, 

^i(i) = 

and for every t ^ aq, 

«&2(i) = 0. 

The functions $1 and $2 have Lipschitz constant at most equal to 
In view of the previous case, we have for j e {1, 2}, A<l>j(ti) G M.{Vl) and 

||A$j(M)||_M(n) < {c- c)\\i^u\\M{n)- 
Thus, A^>(ii) G A1(S7) and by the triangle inequality, 

|c -\- c\ 

\\^Hu)\\M{n) ^ 2(c-c)||An||^(f^) + — ^||Au||^(f^) 

^ 2max{|c|, |c|}|| Au||^(!^). 

This implies the result when <I> is convex and piecewise affine. The case of 
a convex Lipschitz continuous function <I> follows by approximating <1> by 
a sequence of convex and piecewise affine functions (<I>„)„gN converging 
uniformly to $ on bounded subsets of M. □ 

In contrast of what happens to the composition of Lipschitz continuous 
functions with functions in the Sobolev spaces W^'^ [31 theorem 2.1; [ill 
theorem 4.2], it is not possible to have an explicit formula of A<l>(u) in terms 
of Au and Vu, even when Au is a smooth function, since A$(u) need not 
be a function. This raises the following question: 

Open problem 5.14. Let u G L^{Q) and let <^ : M M be a convex 
Lipschitz continuous function. If Au G L^{^) and A<I>('u) G L^{Q), is it true 
that 

A$(w) = ^'{u)/^u + $"(n)|Vnp 

pointwisely in 0.1 

The answer is affirmative if u G VK^'^(r2) n L°°{0L) and is Lipschitz 
continuous by the property of composition of functions is Sobolev spaces; 
see also II36I . A delicate point is already to show that <I>"(n) is well-defined. 

A related question consists in showing that if An G L^(0), then An = 
almost everywhere in the set {Vn = 0}. This result does not seem to be 
explicitly proved in the literature; see however II59I . 
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The use of Kato's inequality in applications strongly rely on the linear 
structure of the Laplacian. An alternative approach to quasilinear equa- 
tions — in particular involving the p-Laplacian — is to use suitable trun- 
cates of the solution as test functions. This is a delicate issue and has been 
investigated in [,8.,36il. 

3. Inverse maximum principle 

Maximum principles are based on the idea that if Au is nonpositive, 
then the function u itself should be nonnegative, assuming that the right 
boundary conditions are satisfied. The inverse maximum principle we 
present in this section goes the other way around in the sense that if u is 
nonnegative, then there is part of Au which must be nonpositive. The val- 
ues of u on the boundary are irrelevant in this case. 

The following statement of the inverse maximum principle is due to 
Dupaigne and Ponce l|44l theorem 3] (see also HlZl lemma 3.5]): 

Proposition 5.15. Let u e L^(il) be such that Au e M{il). Ifu ^ in 
O, then the concentrated part of Au with respect to the W^'"^ capacity satisfies 

(Au)c ^ 0. 

Under the assumptions of the inverse maximum principle, it is not pos- 
sible to say anything about the diffuse part of An with respect to the W^''^ 
capacity. 

The inverse maximum principle can be better understood by keeping 
in mind a well-known fact in potential theory which says that measures 
which are concentrated on sets of zero W^''^ capacity — polar sets in the 
language of potential theory — generate unbounded potentials. A precise 
statement may be found for instance in Il62l theorem 7.35]. Whether the 
potential achieves the value +oo or — cxd dictates the sign of the measure. 

As an example in dimension 2, let u G L^{Q,) be such that Au = a6a 
for some point a G and for some a G M*. In a neighborhood of a, the 
function u behaves like a multiple of the fimdamental solution, 

u(x) ~ — loET |x — a|. 
^ ^ 27r ^' ' 

In this case, a6a is a concentrated measure in dimension 2 and if n ^ 0, 
then a ^ 0. This is a typical behavior one should expect from the inverse 
maximum principle. 

We first establish a couple ingredients that will be needed in the proof 
of the inverse maximum principle. 

Lemma 5.16. If fi,u e M{i}), then p, ^ v in the sense of measures if and 
only if p in the sense of distributions. 

The inequality p ^ v vn the sense of measures means that for every 
Borel set AdVL, 

p{A) ^ v{A), 
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while in the sense of distributions, /U ^ z/ means that for every ip € C^(0) 
such that ^ in ri. 



9? d/i ^ / ipdv. 



Proof. \i ^ ^ u hx the sense of measures, then for every nonnegative 
simple measurable function / : 17 — ^ M, 



Given a nonnegative function Lp G C'^{Q), we take a nondecreasing se- 
quence of nonnegative simple measurable functions converging pointwisely 
to p and the direct implication follows. 

Conversely, assume that /x ^ z/ in the sense of distributions. For every 
nonnegative function Lp G C'^{Q) we have 



Given a compact set K C fl, take a sequence ((/?n )neN of nonnegative func- 
tions in C^{n) such that 

(a) is bounded in 

(6) ((/5„)n(=N converges pointwisely to in 17 \ i^, 
(c) ((/Jn)nGN converges pointwisely to 1 in K. 

By the dominated convergence theorem we get 



K K 

Since K is an arbitrary compact subset of by inner regularity of finite 
measures [511 theorem 7.8] the inequality holds for every Borel subset of 
1). □ 

The following result is due to Grun-Rehomme II58I : 

Lemma 5.17. Ifu g VF^'^(O) is such that Au G 7W(17), then Au is a diffuse 
measure with respect to the W^'"^ capacity. 

Proof. For every p G C^i^), 

(fAu = — Vip ■ Vu. 



ci a. 

Given a compact set C 17 such that cap;yi,2 (K) = 0, let {pn)n&N be a 
sequence in C^(17) such that 

(a) ((/?„)n(=N converges to in ly^'^ (17) 

(6) for every n G N, pn = 1 in K, 

(c) {pn)neN converges pointwisely to in 17 \ i^, 

(d) for every 77, G N, ^ ^ 1 in 17. 
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On the one hand, by the dominated convergence theorem. 



lim / (/9„An= / Au = {Au){K). 



K 



On the other hand, by convergence of the sequence {<fn)nm in W ' {Q), 



lim / Vipn ■ Vu = 0. 

n— >oo J 

n 

Therefore, 

{Au)iK) = 0. 

Since K is an arbitrary compact subset of il, by inner regularity of finite 
Borel measures, the equality holds for every Borel subset of with zero 
W^''^ capacity. □ 

Proof of proposition 15.151 We first establish the inverse maximum 
principle when u € Wq'^'^($7). 

For every k > 0, by the interpolation inequality (lemma I4.7|l we have 
T^{u) € VFo'^(O). Since u ^ 0, 

T^{u) = K - {k- n)+. 

Thus, by Kato's inequality (proposition l5.6l l applied to the function k — u, 

AT^{u) < max {An, 0} = (Ati)+ 

in the sense of distributions in Q, whence in the sense of measures. 

Given a Borel set C risuchthatcap54/i,2 (E) = 0, by Grun-Rehomme's 
lemma, the measure ATi^{u) in the left-hand side does not charge E. In 
particular, 

AT^(n) ^ 

in the sense of measures in E. We also have 

Ar,(n) ^ (An)+ 

in the sense of measures mQ,\E. Using the additivity of measures, we may 
combine both inequalities and deduce that 

in the sense of measures in Q,. 

Thus, for every ip G C^(J7) such that ^ in il. 



J T^iu)Aip^ j ^{Au) 



n n\E 

Let K tend to infinity in this inequality. By the dominated convergence 
theorem. 



J uA(p ~ J (^^) 



n n\E 

In other words. 
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in the sense of distributions in 17, whence in the sense of measures. In 
particular, 

{Au){E) ^ {Au)+{E\E) = 0. 

Since this property holds for every Borel set C with zero W^'"^ capacity, 
we conclude that (Au)c ^ 0. 

In order to consider the case of a function u € L^(0) which need not 
belong to W^'^n), we may proceed as follows. For every nonnegative 
function ip G (7^(17), by the localization lemma (lemma [531) the function 
uif satisfies the assumptions of the inverse maximum principle and in ad- 
dition belongs to Wg ' (17). Thus, 

(A(u(^))c ^ 0. 

Given a subdomain w d we may take </? = 1 in w, whence 

A(u{p) = Au 

in oj and this implies that (Au)c ^ in w. Since oo is arbitrary the conclusion 
follows. □ 

We may now return to Kato's inequality when An is a measure to ex- 
plain what happens to the concentrated part of the measure Au~^ with re- 
spect to the W^'"^ capacity. 

Corollary 5.18. If u g L^{Q) is such that Au g M{0.), then An+ G 
M\oc{^) and the concentrated part of Au^ with respect to the W^'"^ capacity 
satisfies 

(An+)c =min{(An)c,0}. 
Proof. By Kato's inequality (proposition |5.6|) , 

Au+ ^ mill {Au, 0} 

in the sense of distributions, whence in the sense of measures. Comparing 
the concentrated parts on both sides, we get 

min {(An)c, 0}. 

Since ^ and n+ ^ u, by the inverse maximum principle we have 

(Au+)c ^ and (Au+)c ^ (An)c. 

Thus, 

(An+)c < min{(Au)c,0}. 
Therefore, equality of measures must hold. □ 

Since 

Am+ = (Au+)d + (Au+)c, 
we may assemble the information given by proposition 15. 101 and the corol- 
lary above and write 

An+ ^ X{u>o}{^u)d + min {(An)c, 0}. 

Thus, for every ip G C^{Q) such that (/? ^ in 11, 

J ti+A(^ ^ j ip{Au)d + J V3min{(An)c,0}. 
n {u>o} n 



4. STRONG MAXIMUM PRINCIPLE 



53 



We also have the following counterpart for the maximum of two func- 
tions: 

Corollary 5.19. Ifui,u2 G are such that Aui,Au2 G M{^1), 

then Amax{ui,n2} G M\oc{^) and the concentrated part o/ Amax{ui,U2} 
with respect to the W^'"^ capacity satisfies 

(Amax{'Ui,'U2})c = min {(Aiii)c, (Au2)c}- 

4. Strong maximum principle 

The strong maximum principle asserts that if c is a connected 
open set and if : — > M is a nonnegative smooth function such that 

-Au ^ 0, 

then either u = in or ti > in 0. Another formulation of the same fact 
says that if for some point a £ U, u{a) = 0, then u = in Q. 

By the Harnack inequality l|100i corollaire 8.1], the same conclusion 
holds when the Laplace operator —A is replaced hy —A + V where V G 
LP(0) for some p > y- The conclusion fails without this assumption on V. 
For instance, given a G the function u : Q — > M defined by u{x) = \x — ap 
satisfies the equation 

-An + Vu = 

with Vix) = but in this case V L^/^{Q). 

Under a weaker integrability condition on V, if the function u vanishes 
on a larger set, then one would still hope to conclude that u = in 17. This 
type of result was obtained by Benilan and Brezis [9, theorem C.l] in the 
case where V G L^(r2) and suppu is a compact subset of Q. Their strong 
maximum principle has been further extended by Ancona IH theorem 9]: 

Proposition 5.20. Let Q cM^ bea connected open set and let V G L^{U). 
Ifu G n C{^1) is a nonnegative function such 

Au ^ Vu 

in the sense of distributions in and ifu vanishes in a set of positive W^''^ capacity, 
then u = in 

Ancona's proof of the strong maximum principle above relies on tools 
from potential theory. We present an alternative proof due to Brezis and 
Ponce ||25| which is based on the following estimate: 

Lemma 5.21. Let V G and let u G L^{VL) he a nonnegative function 

such that Vu G L^{Q). If 

Au ^ Vu 

in the sense of distributions in Vt, then log {\ + u) G Wl^'^{Q) and for every ip g 

y"|Vlog(l + n)|V'sSC y"(y V + I^V^I')- 
n n 
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Proof. We first assume that u G Wl^liVL). For every ^ € C^{^) such 
that 93 ^ in S7, 

- j Vu-Vip = j {Au)lp ^ j Vwp. 
n n n 

By an approximation argument on the test function, we deduce that for 
every function v G VFq^'^(O) n L°°{Q) with compact support in Q, and such 
that V ^ mO,, 



Vn • < / Vuv. 
In view of the pointwise identity. 



n 



Vlogfl + n) 



1 + u 

we will apply this estimate with v = tp"^/ (1 + u), where 93 G C^(ri). 
For every 99 G C^(0), 



Taking the scalar product against Vn on both sides, we get 

I ' (/j^ = -Vu • V + 2^^ ^ • Vip. 



For every e > 0, there exists Ci > depending on e such that 



1 + n 
Thus, 

|2 



^^7T— ^2*^ +^^1 V^^. 
(1 + u)^ 



n 



Choosing < e < ^, we get 



^""'^ ^ -C2VU . V f-^ ) + CslVc^p. 



Therefore, 



|V log(l + ^ . y f ^ ^ CslVy^P 

1 + ti 



By the estimate in the beginning of the proof with v = ip'^ /{I + u), 

Q n n 

We conclude that 

y"|Vlog(l + ^/)|V jv+^^ + Cs j\Vip\\ 
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Since ^ log(l + n) ^ u in we deduce that log (1 + u) G W^^^{Q) under 
the assumption that u G W^^^ (O). 

We now explain how to drop the additional assumption on u. Since 
Au € A4\oc{^), by the localization lemma (lemma [531) ^rid by the interpo- 
lation inequality (lemma I4.7| l, for every k > the truncated function (n) 
belongs to W^^^in). Since u ^ 0, 

T^{u) = K - {k- 

By assumption on Au, we also have 

A{k - n) ^ -Vu 

in the sense of distributions in 0. Thus, by Kato's inequality (proposi- 
tion |52]| applied to the function k — u, 

A{k - u)+ ^ -X{u<k}Vu 

in the sense of distributions in Q, whence 

AT^iu) ^ X{u<.}Vu ^ V+T,iu) 

in the sense of distributions in 0. Thus, Ti^{u) also satisfies the assumptions 
of the lemma and, in addition, Tf^{u) G W^^^{Q). We deduce that for every 

j |Vlog(l + T^{u))W^ j {V^^^ + \D^\^). 

Letting k tend to infinity, we have the conclusion. □ 

We need the following variant of the Poincare inequality for functions 
vanishing on a set of positive W^'"^ capacity: 

Lemma 5.22. Let A a Vt he a Borel set such that capt^i,2(^) > 0. Ifil. is 
connected, then there exists C > such that for every u G H^^'^($7) n C(il), ifu 
vanishes in A, then 

Proof. Arguing by contradiction, if the inequality is not true, then 
there exists a sequence {un)nm is H^^'^(il) nC(S7) such that for every n G N, 
w„ = in A and the sequence {un)nm converges strongly in VF^'^(Q) to 
some function u such that ||it||L2(n) > ^rid ||i^^i||L2(n) = 0- Since is 
connected, u must be a constant function. Passing to a subsequence if nec- 
essary, we may assume that {un)n<m converges pointwisely to w in except 
in a set of zero W^'"^ capacity (see proposition I A. 1 1 and remark p\.6l l. Thus, 
w is a constant function such that u = in ^, whence u = in il. This 
contradicts the fact that ||ti|[j;^2(Q) > 0. □ 

Proof of proposition 15.201 For every 5 > 0, the function u/5 satis- 
fies the assumptions of the previous lemma. Thus, for every a; d 17, there 
exists a constant Ci > such that 



/ 



Vlog(l + - 



2 
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Since the function log (l + |) vanishes in a set of positive W^'"^ capacity in 
Q, we may choose a connected open set w d $7 having the same property. 
Thus, by the Poincare inequality above. 



/ 



u 



log ( 1 + ^ 



2 



Vlog(l + - 



2 



^ c,. 



For every t > 0, by the Chebyshev inequality we then have 

2 



\ujr\{u> t}\ 



log ( 1 + ^ 



Letting 6 tend to 0, we deduce that for every t > 0, \u) Ci {u > t}\ = 0. Thus, 
u = m uj, from which the conclusion follows. □ 

In proposition |5.20[ the assumption that u is continuous can be relaxed. 
Indeed, the result still holds if u G L^(f]) is a nonnegative function such 
that Vu S In this case, the assumption that u vanishes in a set of 

zero capacity has to be understood in terms of the quasicontinuous repre- 
sentative u of u. 

There are interesting questions related to proposition l5.20l 

Open problem 5.23. Let V : Q ^Rhea measurable function. Assume 
that u G L^{U) n C{Q,) is a nonnegative function such Vu G L^{U) and 

Au ^ Vu 

in the sense of distributions in Q,. If n has compact support in Q, can one 
replace the assumption V G L^(il) by a weaker condition — for example 
g Li(il) or 1/^2 g LP(il) for some p > 1 — and still conclude that 

We cannot hope to go below the assumption 1/^/^ g (ri). For instance 
the function -u : ^ M given by 



|2 



if \x\ > 1, ' 



u(x) = < 
satisfies 

-Au + = 0, 
where V : — )■ M is a function such that for \x\ < 1, 

1 



V{x) 



(1- |x|)2- 

In this case, F° G L^(M^) for every < a < 1/2, but F^/^ ^ ^i(KiV). 

Open problem 5.24. Let 0, c be a connected open set and let 
V G L'^{0,) for some 1 ^ g < +oo. Assume that u G L^{0,) n (7(0) is a 
nonnegative function such 

Am ^ Vu 

in the sense of distributions in 17. li u vanishes in a set of positive W^''^'^ 
capacity — or positive VF^''^ capacity — , is it true that n = in S7? 
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Proposition |5!20] shows that the answer is affirmative when q = I. The 
W^'"^ capacity can also be seen as a limit of the W'^''^ capacities as q tends to 
1 (see lemma 1221). The answer is also affirmative when g > by the strong 
maximum principle mentioned above: if q > ^ a G is any point, 
then cap^n.2q ({a}) > and cap(4/2,q ({a}) > 0. 



CHAPTER 6 



Extremal solutions 

We investigate the existence of a smallest and a largest solution of the 
nonlinear Dirichlet problem 

( —Au + g{u) = fi in ri, 
\ ti = on d^l. 

We construct natural candidates for such solutions via the Perron method 
by taking the largest subsolution u and the smallest supersolution u of the 
Dirichlet problem. Using the method of sub and supersolutions we show 
that u and u are indeed solutions of the nonlinear Dirichlet problem. 

1. Perron method 

The Perron method II90I is based on the idea of thinking of a solution 
as the largest possible subsolution. This is related to Poincare's halayage 
method Il93n94i which gives a way of achieving a solution as the limit of a 
nondecreasing sequence of subsolutions. 

The notion of subsolution we consider is based on Stampacchia's notion 
of weak solution: 

Definition 6.1. Let ^ : R M be a continuous function and let ^ G 
M.{Vl). a function n : $7 — ^ M is a subsolution of the nonlinear Dirichlet 
problem if 

(i) u G L\n), 

(ii) g{u) G L\n), 

{in) -Au + g{u) ^ ^ in the sense of {C^{Vl))'. 

Thus, by a subsolution u of the nonlinear Dirichlet problem we mean 
that for every C G C^ip) such that C ^ in ^ 

- juAC + j g{u)C^ j Cd/i. 

on n 

The boundary condition u ^ on dO. is implicitly encoded in this weak 
formulation and the precise meaning of what we mean by this boundary 
condition is given by proposition |5.2| above. 

The Perron method relies on the following proposition: 

Proposition 6.2. Let g ^ ^he a continuous function and let fi G 
M{fl). Given w G L^{^), if the nonlinear Dirichlet problem has a subsolution 
V ^ w in Q, then there exists u G L^{i}) such that 
(i) u ^ w in 0, 

(a) for every subsolution v such that v ^ w in v ^ u in 
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{in) there exists a nondecreasing sequence of subsolutions {un)n&N such that for 
every n G N, n„ ^ it; in $7, and (n„,)„gN converges to u in L}{^). 

Formally, we could say that for x € 

u{x) = sup : f is a subsolution such that v ^ 

but one should be careful about the meaning of the supremum in the right- 
hand side since its possibly taken over uncountable sets of subsolutions. 

Without additional assumptions on the nonlinearity g and on the func- 
tion w, it need not be true that u is a subsolution of the Dirichlet problem. 
For instance, we could have g{u) ^ L^{^) and even when giu) € L^{Q), the 
weak formulation need not hold for every admissible test function. 

We first prove a property about the maximum of subsolutions. 

Lemma 6.3. Let ^ : M M be a continuous function and let fi G A^(rj). If 
vi and V2 are subsolutions of the nonlinear Dirichlet problem, then max {f 1,^2} 
is also a subsolution. 

We only require the nonlinearity g to be continuous and the same proof 
still works for a nonlinearity which is given by a Caratheodory function 
g-.nxR^R. 

Proof. For every function w : Q ^ R, 

max {^1,^2} = max {vi — w,V2 — w} + w. 

Taking w to be the solution of the linear Dirichlet problem 

( — Atw = ^ in il, 

\ = on (90, 

we have 

A(t;i - w) ^ -9{vi) and l\{v2 - w) -9{v2) 

in the sense of ((7^(0))', whence in the sense of distributions in il. Apply- 
ing Kato's inequality (proposition 15.911 to the functions vi — w and V2 — w, 
we have 

A max {f 1 — w.,V2 — w} ^ — ^[(max {"Ui, f2}) 
in the sense of distributions in Q.. Thus, 

-Amax{ui,-U2} + 9(max {ui, ■l>2}) ^ 

in the sense of distributions in Q.. 

In order to show that max {f 1,^2} is a subsolution of the nonlinear 
Dirichlet problem, we need to study the behavior of this function near the 
boundary of Note that 

{m.&-yi{vi,V2})'^ ^ {vi)'^ + (^2)"^. 
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Thus, for every e > 0, 
1 



^ (max{-i;i,i;2}) + 

{xen:d{x,dn)<e} 

{x€n:d{x,dn)<e} {xen:d{x,dn)<e} 

Since vi and V2 are both subsolutions of the nonlinear Dirichlet problem, by 
the direct implication of proposition |5.2| both terms in the right hand side 
of this estimate converge to as e converges to 0. Thus, 



lim- / (max {f 1,^2}) 

e^o e J 



{xen:d{x,dn)<e} 

Using the reverse implication of proposition 15.21 the conclusion follows. 

□ 



Proof of proposition 16. 2[ Let 

S = sup I V : vis a subsolution such that v ^ w 
a 

Since the supremum is taken over a nonnempty set and w G L^{Q), S is 
finite. 

Let {vn)n€N be a sequence of subsolutions of the Dirichlet problem such 
that for every n € N, z;„ ^ w in 0, and 

lim / Vn = S. 

n— ^oo J 

n 

We construct a nondecreasing sequence of subsolutions (n„)„gN having the 
same properties. We define this sequence by induction as follows: let uo = 
vq and for every n G N*, 

Un = max{M„_i,f„}. 

Then, for every n G N, n„ ^ w and by the previous lemma u.„ is a subsolu- 
tion of the Dirichlet problem. Since 

J Vn ^ J Un^ S, 

n n 

we have 



lim / Un = S. 

h 



The pointwise limit u of the sequence {un)neN satisfies the required 
properties. First of all, u ^ w in Q and by the monotone convergence theo- 
rem. 



S = lim Un = I u. 

n— ^-oo J 

n 
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If w is a subsolution of the Dirichlet problem, then (max {un,v})neN is a 
nondecreasing sequence of subsolutions converging pointwisely to max {u, v}. 
If in addition v w, then 

J Un ^ J max {un,v} ^ S. 
n a 

By the monotone convergence theorem, we deduce that 

J u = S = J max {u, v}. 
a a 

Since u ^ maK{u,v} and both integrals coincide, we deduce that u = 
max{n, i;} almost everywhere in Q. Therefore, v ^ u. This concludes the 
proof of the proposition. □ 

By analogy with the definition of subsolution, we may introduce the 
notion of supersolution: 

Definition 6.4. Let ^ : M M be a continuous function and let fi e 
A^(0). A function ti : $7 M is a supersolution of the nonlinear Dirichlet 
problem if 

(i) u G L\n), 
(ii) g{u) e L\^l), 

{in) -An + g{u) ^ ^ in the sense of {C^{^))'. 

The counterpart of the Perron method for supersolutions is the follow- 
ing: 

Proposition 6.5. Let g ^ ^ ^he a continuous function and let fi G 
M{il). Given w G L^{^), if the nonlinear Dirichlet problem has a supersolution 
v^win 0, then there exists u G such that 

(i) u^w in $7, 

(a) for every supersolution v such that v ^ w inVt,v ^ u in Q, 
[iii] there exists a nonincreasing sequence of supersolutions {un)neN such that 
for every n G N, u„ ^ w in 17, and {un)nm converges to u in L^{Q,). 

The proof in this case is based on a property about the minimum of 
supersolutions: 

Lemma 6.6. Let g : M. —?' M. be a continuous function and let fi G M{il). If 
vi and V2 are supersolutions of the nonlinear Dirichlet problem, then min {vi,V2} 
is also a supersolution. 

2. Method of sub and supersolutions 

The method of sub and supersolutions relies on the idea that between 
a subsolution and a supersolution of a nonlinear Dirichlet problem there 
should be a solution. 

This method can be traced back to Picard II92II — using a monotone it- 
eration scheme — and Peano f88l. Perron II89I and Scorza Dragoni II98II 
explicitly used subsolutions and supersolutions to prove existence of solu- 
tions of first and second order ordinary differential equations. Concerning 
elliptic partial differential equations, Nagumo |83| proved the method of 
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sub and supersolutions using Schauder's fixed point theorem and this is 
the strategy we adopt. 

We stick to the definition of subsolution and supersolution based on 
Stampacchia's weak solutions (definition 16. II and definition 16 .41 1 . The main 
advantage is that it completely separates the issue of existence of solutions 
from the question of regularity of solutions. 

The method of sub and supersolution relies on the following proposi- 
tion: 

Proposition 6.7. Let g -. R ^ Rbe a continuous function satisfying the 
integrability condition and let /i G M.{VL). If the nonlinear Dirichlet problem has a 
subsolution v and a supersolution v and ifv ^ v in 17, then there exists a solution 
u such that v^u^vin fi. 

This formulation is due to Montenegro and Ponce 11811 theorem 1.1]. 
We recall the integrability condition: 

Definition 6.8. Let 5 : M ^ M be a continuous function. We say that 
g satisfies the integrability condition if for every w,w,w G L^{Q,) such that 
w^w^wmQ,if g{w) G L^(0) and if g{w) € L^{^), then g{w) G L^(0). 

In the proof of the method of sub and supersolution, the integrability 
condition is just what we need to define an operator G : L^(0) L^{Q) 
whose fixed points satisfy the nonlinear Dirichlet problem. It is useful to 
have an equivalent formulation of the integrability condition, which in- 
sures the continuity of G: 

Lemma 6.9. Let g : M. Rbe a continuous function. Then, g satisfies the 
integrability condition if and only if for every w,w G (U) such that w^winQ 
and g{w),g{w) G L^{i}), there exists h G such that for every w G L^{U), 

ifw ^ w ^ w in then \g{w)\ ^ h in 0. 

Proof. The reverse implication is clear. In order to see why the inte- 
grability condition implies the condition above, for every x G illet w{x) be 
the smallest real number in the interval [w{x),w{x)] such that 



In particular, if t/; : ^ M is a measurable function such that w ^ w ^ W 
in Q, then ^ in ^- One shows that the function w defined 

in this way is measurable iMllSZl lemma 1.2]. Since w ^ w ^ w, hy the 
integrability condition, we have g{w) G L^{Q.) and the condition above 



Corollary 6.10. Let g R ^ Rbe a continuous fynction satisfying the 
integrability condition. If {un)nm is a monotone sequence converging to u in 
L^(il) and if for every n G N, g{un) G L^{0,), then {g{un))ne'N converges to g{u) 
in L^{^1) if and only if g{u) G L^{Vt). 

Proof. The direct implication is clear. For the reverse implication we 
may assume that the sequence {un)n<m is nondecreasing. Thus, for every 
n G N, no ^ tin ^ "U- By assumption, g(no) G L^{Q) and g{u) G L^{Q). 
By the previous lemma, there exists h G L^(0) such that for every n G 



\g{w{x))\ 



max 



holds with h = \g{w)\. 



□ 
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N, [^(nn,)! ^ h. The conclusion follows from the dominated convergence 
theorem. □ 

In the proof of the method of sub and supersolutions, we need a variant 
of Kato's inequality II221I23I which takes into account the behavior of the 
function on the boundary: 

Lemma 6.11. Let f e L^{Q). Ifu G L^{Q) is such that 
in the sense of {Cq^ (il,))' , then 

Au+ ^ X{u>o}f 

in the sense of {C^ (Tl))' . 

This lemma appears in 11221 lemma 2] when u is a solution of the Dirich- 
let problem. We follow the strategy of the proof of |23l proposition 4.B.5], 
where this result is proved in full generality. 

Proof. Applying the direct implication of proposition |5]2j 
lim — / = 0. 



>o e 

{x£n:d{x,dn)<e} 

By Kato's inequality (proposition lS. 7| | , 

> X{u>0}f 

in the sense of distributions in il. The reverse implication of proposition|5[ 
gives the conclusion. □ 

The proof of proposition l6 . 7l is based on Schauder 's fixed point theorem. 
We first modify the nonlinearity g using the subsolution and the superso- 
lution in such a way that a solution of the modified Dirichlet problem is a 
solution of the original problem. 

Proof of proposition 16.71 Let ^ : J7 x M ^ Mbe the function defined 

for {x,t) G X Mby 

g{v{x)) if t < v{x), 
g{t) if v{x) ^ t ^ v{x), 
g{v{x)) if t > v{x). 

Then, ^:rixIR— )-IRisa Caratheodory function and by the integrability 
condition, for every v G L^(0), 

~g{;v) G L^n). 

Claim 1. If u satisfies the Dirichlet problem 

-Au = fj. — g{-,u) in 0, 
n = on dQ, 

then 

whence g{-,u) = g{u) and n is a solution of the original Dirichlet problem. 



g{x,t) 
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Proof of the claim. We show that u ^ U in $7; the proof of the in- 
equality v^uis similar. 

For every ( G such that C ^ in Jl, 



(u-u)AC^ J [g{-,u) - g{v)]C = J X{uiiv}[9{u) - g(.v)]C. 
n n 

Applying Kato's inequality up to the boundary (lemma |6. 11 1) to the function 

u — V, we get for every ( e C^{Q) such that C ^ in 17, 



Thus, 



J{u- v)+AC ^ 0. 



(u-?J)+ ^ 0. 

n 

We deduce that {u — v)^ = OinQ,, whence u inO,. □ 

By the integrability condition, for every v G L^(il) we have g{-,v) G 
L^(il). Thus, there exists a unique solution of the linear Dirichlet problem 

-Au = fi — g{-,v) mil, 
u = on dQ. 

Let G : L^{Q) L^(0) be the map defined for every v G L^(0) by 

G{v) = u, 

where u is the solution of the linear Dirichlet problem above. 
Claim 2. The map G is continuous in L^(il). 

Proof of the claim. By the integrability condition and lemma 
there exists h G L^{Q,) such that for every v G L^{Q,) and for every x £ Q,, 

\g{x,v{x))\ ^ h{x). 

Let {vn)nm be a sequence converging to some function v in L^{fl). For 
every n G N and for every x £ Q,, 

\g{x,Vn{x))\ ^ h{x). 

Thus, by the dominated convergence theorem, the sequence {g{-,Vn))n£N 
converges to g{-,v) in L^{Q). By the linear estimate (proposition I3.2L 
the sequence {G{vn))neN converges to G{v) in L^(il). Therefore, G is con- 
tinuous. □ 

Claim 3. The set G{L^{Q,)) is bounded and relatively compact in L^{Q). 

Proof of the claim. Since for every v G 

IIa* - 9{-iv)\\M{n) ^ yWMin) + \\9{-,v)\\m{Q) ^ ll^lU(n) + ll^llLi{f2)- 
By the linear elliptic estimate (proposition l3.2L 
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Thus, the set G(L^(f])) is bounded in L^(i7) By Stampacchia's regularity 
theory (propositionl4.1|), 

\\DGiv)\\Li^n) ^ C{MMin) + II^IIlh^^))- 

Hence, by the Rellich-Kondrachov compactness theorem, the set G{L^{^)) 
is relatively compact in (O). □ 

It follows from Schauder's fixed point theorem that G has a fixed point 
u G L^{Q). By the first claim, u is a solution of the original Dirichlet prob- 
lem. The proof of the method of sub and supersolutions is complete. □ 

An inspection of the proof shows that the method of sub and super- 
solutions holds if the integrability condition on g is satisfied for functions 
between the subsolution v and the supersolution v. More precisely, for ev- 
ery V € L^{Q) such that v^v^v, we have g{v) € 

The conclusion of the proposition also holds if the nonlinearity g -.R ^ 
M is replaced by a Caratheodory function 5 : 17 x M R 1181 1 . 

From the method of sub and supersolutions we can infer a condition 
that guarantees that the functions u and u given by the Perron method sat- 
isfy the nonlinear Dirichlet problem. 

Corollary 6.12. Let g -. M. ^ R be a continuous function satisfying the 
integrability condition and let fi G M{^1). If the nonlinear Dirichlet problem has 
a subsolution v and a supersolution v and ifv ^ v in then 

(i) among all subsolutions which are less than or equal to v, there exists a largest 

subsolution u, 
{a) u is a solution of the nonlinear Dirichlet problem. 

Since every solution is a subsolution, we deduce form this corollary that 
u is the largest solution which is less than or equal to v. 

Proof. Let u be the function given by the Perron method (proposi- 
tion |6]2]| with w = v. 

Claim 1. li is a subsolution of the Dirichlet problem. 

Proof of the claim. Let (un)neN be a nondecreasing sequence of sub- 
solutions such that Un ^ v in Q, and {un)nm converges in L^{Q) to u. In 
particular, for every n G N, 

UQ ^ Un ^ V. 

Since g{uQ) G L^(ri) and gij]) G L^(il), and since g satisfies the integrability 
condition, by lemma WS\ there exists h G L^{Q) such that for every n G N, 

\g{un)\ ^ h. 

By the dominated convergence theorem, g(^) G and the sequence 

{g{un))n&i converges in L^(r2) to g{u). Thus, u is a subsolution of the non- 
linear Dirichlet problem. □ 

Claim 2. H is a solution of the Dirichlet problem. 
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Proof of the claim. Since n is a subsolution and u ^v,hy the method 
of sub and supersolution, the Dirichlet problem has a solution u such that 
u ^ u ^ U. In particular, u is a subsolution and since u is the largest sub- 
solution less than or equal to v, we have u ^u. Thus, u = u, whence n is a 
solution of the Dirichlet problem. □ 

The proof of the corollary is complete. □ 

We state the following counterpart of the previous corollary for the 
largest supersolution: 

Corollary 6.13. Let g -. M. ^ M. be a continuous function satisfying the 
integrability condition and let /x G M{^). If the nonlinear Dirichlet problem has 
a subsolution v and a supersolution v and ifv ^ v in fl, then 
(i) among all supersolutions which are greater than or equal to Vj there exists a 

smallest supersolution u, 
(u) u is a solution of the nonlinear Dirichlet problem. 



CHAPTER 7 



Polynomial nonlineartity 



We investigate the existence of solutions of the nonlinear Dirichlet prob- 
lem 

-Au + g{u) = fi inO,, 
u = on dQ, 

when the nonlinearity (7 : M — )■ M has polynomial growth: for every t G M, 

\g{t)\^C{\t\P + l), 

for some C > and p > 0. 

1. Subcritical growth 

The first result in this direction is due to Benilan and Brezis IH theo- 
rem A.l] and was announced in 11151 lemme 3;[l6l theoreme 2]. 

Proposition 7.1. Let g -. R ^ Rbe a continuous function satisfying the 
sign condition and such that for every t G M, 

\g{t)\^C{\t\P + l), 

for some C > and p > 0. Ifp < jj^, then for every /_f e M{^) the nonlinear 
Dirichlet problem has a solution. 

We need the following absorption estimate: 

Lemma 7.2. Let g : R ^ Rhe a continuous function satisfying the sign 
condition. For every fi G M{il.), if u is a solution of the nonlinear Dirichlet 
■problem, then 

\\9{u)\\l^{q:) ^ 

In this section we apply the lemma with /x G L°°(ri), in which case 
we know that there exists a solution u G Wq' (fi) n L°°(r2) arising from 
the variational formulation (see proposition 12.31 1 and the Euler-Lagrange 
equation is satisfied with test functions in wI''^{VL). For such functions u, 
the absorption estimate has a direct proof. 

Formally, the proof of the estimate consists in using sgn u as a test func- 
tion. Since sgn u is not a legitimate test function, we use a Lipschitz approx- 
imation of the sign function instead. 

Proof of lemma [Til] when u G Wl''^{9). Given e > 0, let 5", : M M 
be the function defined for t G M by 

-1 ift<-e, 
Se{t) = {t/e if-e ^ t ^ e, 
1 ift>e. 
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Using Se{u) as a test function in the Euler-Lagrange equation, we get 

\Vu\'^S'^{u) + j g{u)S,{u) = j S,{u)dn. 
n n n 

Since the function 5^ is nondecreasing and bounded in absolute value by 1, 



g{u)Se{u) ^ J d\fi\ = 

Letting e tend to zero, we get 

g{u)sgnu ^ ll^llx(Q). 
n 

By the sign condition, g{u) sgn u = \g{u) \ and the estimate follows. □ 

Since we will need the absorption estimate in full generality later, we 
prove it as stated: 

Proof of lemma [721 Let (/n)nGN be a sequence in L°°(J7) converg- 
ing to g{u) and let (^n)neN be a sequence in L°°{Q) such that (/in)neN is 
bounded in (0) and converges weakly to /U in the sense of measures in 

n. 

Given n G N, let n„ be the solution of the linear Dirichlet problem 

-AUn = p.n- fn in Vt, 

Un = on do.. 

Then, n„ G W^'\VL)r\L°°{VL) and using Se{un) as a test function we deduce 
as above that 

j |Vti„p5^(n.„) + j fnSe{Un) = j 5s(n.„)/i„. 
n n n 

Thus, 

j fnSe{Un) < j |/-in| = || A^n || Li (H) • 

By Stampacchia's regularity theory (proposition|4T), the sequence {un)nm 
is bounded in Wq^'^(J7). Thus, by the Rellich-Kondrachov compactness the- 
orem, there exists a subsequence {un,.)k(m which converges in L^{Vt) to 
some function v. Since u and v satisfy the same linear Dirichlet problem 
with datum /^t — g{u), by uniqueness of solution of the linear problem we 
have u = V. This implies that the sequence (tin)neN converges to u in L^{Vt). 

By the dominated convergence theorem, the sequence {fnSe{un))nm 
converges to g{u)S^{u) in L^{Vt). Thus, 



/ 9{u)Se{u) < liminf II /i„ 11^1 (m. 

J n— >oo ^ ' 



Choosing a sequence {fin)neN such that (see lemma l3!4l l 

lim ||/in||Li(n) = ll^llA4(n), 
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we deduce that for every e > 0, 

g{u)Se{u) ^ \\n\\M{n)- 



a 



Thus, 

g{u)sgnu ^ 



n 



By the sign condition, the estimate follows. □ 

The proof of Benilan-Brezis's existence result relies on Stampacchia's 
regularity theory: 



Proof of proposition 17. 1[ Let {nn)n(^n be a sequence in L°°(0) such 
that is bounded in {Q) and converges weakly to in the sense of 

measures in Q. Since /x„ G L°°(r2), the nonlinear Dirichlet problem with da- 
tum has a solution Un (see proposition l2.3D . Thus, for every ( G C^{Q), 



-J n„AC + j g{UnK = j Cl-^r, 



n n n 

Since the sequence (^n)nGN is bounded in L^(il), by the absorption es- 
timate the sequence — g{un))nm is also bounded in L^(J7). By Stam- 
pacchia's regularity theory (proposition I4.8L there exists a subsequence 
(^nfe)A,GN converging to some function u in for every 1 ^ r < 7\rr2- 

Since p < it follows in particular that the sequence {g{un,^))km con- 

verges to g{u) in L^{Q). As A: tends to infinity, we deduce that for every 

- j u^C + j g{u)c = j Cd/i. 
on a 
The proof is complete. □ 

2. Critical and supercritical growth 

By the counterexample of Benilan and Brezis (proposition I3.8L exis- 
tence of solutions of the nonlinear Dirichlet problem for every measure is 
not true if the nonlinearity has polynomial growth with power p ^ 7\rr2- 
The main result in this case is due to Baras and Pierre O theorem 4.1]: 

Proposition 7.3. Let 51 : M ^> M fee a continuous function satisfying the 
sign condition, the integrability condition and such that for every t G M, 

i<7(t)Kc(|tr + i), 

for some C > and p > 0. Ifp ^ then the nonlinear Dirichlet problem has 
a solution for every /x G M{^) such that fi <^ cap^2,p'- 

The notation /i <^ cap^2,p' means that /i is diffuse with respect to the 
^2,p capacity, or equivalently that /x does not charge sets of zero W'^'^ 
capacity (see definition l7.10|) . 

This statement is consistent with Benilan-Brezis's existence result for 
p < jj^- Indeed, if 1 ^ p < then p' > ^ and as a consequence of 
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Morrey's imbedding theorem the only set with VF^'^' capacity zero is the 
empty set; thus every measure is diffuse with respect to the W'^'^ capacity. 

We now present some ingredients in the proof of proposition |7.3[ 

Lemma 7.4. Given fi G M{^1), let v be the solution of the linear Dirichlet 
problem 

-Av = fi in fi, 
V = on d^l. 

For every 1 <p < +oo, v € Lp{Q) if and only if there exists C > such that for 
every Ce C^iTl), 



^ C'IICIIl^2,p'(s^) 



The proof of lemma f7A\ relies on the Calderon-Zygmund estimates and 
on the Riesz representation theorem: 

Proof. We begin with the direct implication: For every € C^(0), 



vAC. 



Uve ($7), then by the Holder inequality. 



Cd/i 



< V 



LP 



{Q)\\'^C\\Lp'{n) 



< C^\\v\ 



Lp(n)IKIlH/2.p'(n) 



and the conclusion follows with C = Ci\\v\\LP(^Qy 

Conversely, if // satisfies the estimate, then by the Calderon-Zygmund 
estimate we have for every ( G C^{Q), 



vAC 



Given / € C°°{Q), let C be the solution of the linear Dirichlet problem 

-AC = / inn, 
( = on dn. 

In particular, ( e C(^{Q) and by the estimate we have established, we de- 
duce that for every / G C°°{Tl), 



vf 



^ CsWfWLp'in)- 



□ 



By the Riesz representation theorem, we deduce that v G Lp{Q). 

Since the vector space C§°{n) is dense in W'^'P' (Q) n W^'^'^n) with re- 
spect to the Vl^^'P norm, the assumption of the lemma amounts to saying 
that /i has a unique extension as a continuous linear function on W'^'^' {n) n 
Wy {Q). We shall say in this case that 

^G (VF2'P'(0)ni^o^'^'(0))'. 
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Corollary 7.5. Let g -. R ^ Rbe a continuous function satisfying the sign 
condition and such that for every i € M, 

b(t)KC(jtr + i), 

for some C > and 1 <p < +oo. For every fi e M{i}) such that 

max {^f,0}, mill {^,0} G {W^'P' (n) nW^'^' (n))' , 
the nonlinear Dirichlet problem with datum /x has a solution. 

Proof. Let v be the solution of the linear Dirichlet problem with da- 
tum max in, 0}. Since max {/x, 0} € (W'^'P' (Q) n W^'^'iH))', by the previous 
lemma we have v € LP{Q). By the weak maximum principle (proposi- 
tion |5]l)/ V ^ in rj. The sign condition yields g{v) ^ 0, whence u is a 
supersolution of the nonlinear Dirichlet problem with datum /x. 

Similarly, if v is the solution of the linear Dirichlet problem with datum 
min {/X, 0}, then u € LP{Q),v^ in and x; is a subsolution of the nonlinear 
Dirichlet problem with datum fi. 

Since v and v both belong to LP{Q,), for every v € L^{Q,) such that v ^ 
V ^ v,g{v) e L^(ri). The method of sub and supersolution (proposition l6.7D 
yields a solution u of the Dirichlet problem with datum i_l such that v_^u ^ 

V. □ 

We characterize measures which are diffuse with respect to the VF^'P' 
capacity in terms of measures whose positive and negative parts belong to 

n W^iQ))'. This is done by the following proposition: 

Proposition 7.6. Let l < p < +oo and let ^ e M{Q) be a nonnegative 
measure. Given an open set O c M-^, let V C W'^'^' {^) be a closed vector sub- 
space containing C^{Q). If <. cap^^2,p', then there exists a sequence 
in M{^) of nonnegative measures such that 

(i) for every n G N, G V , 

{a) the sequence {^n)n&n is nondecreasing and converges strongly to /.t in M (0). 

This proposition is established in the next section for Q. = M^. The 
proof for an arbitrary open set requires minor changes and is based on the 
following variant of lemma 17.161 whose proof relies on the Hahn-Banach 
theorem: 

Lemma 7.7. Let l <p < +oo and let fi G A4(S7) be a nonnegative measure. 
Given an open set $7 c M^, let V C W'^'P (Q) be a closed vector subspace con- 
taining C^(J7). If n <^ cap^y2,p', then for every e > there exists v G M(p.) 
such that 

{i) V G V, 

{a) ^ ^ fi, 

{Hi) \\n - iy\\M{n) ^ e- 

The proof of the following comparison principle relies on Kato's in- 
equality: 

Lemma 7.8. Let g : R ^ M. be a continuous function satisfying the sign 
condition. Given /x, G M{i}), let u be a solution of the nonlinear Dirichlet 
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problem with datum /x and let v be the solution of the linear Dirichlet problem 
with datum u. 
(i) If II and ifv ^ 0, then u ^ v in 0. 
(m) If fi ^ and ifv ^ 0, then v in 0. 

Corollary 7.9. Let g -.W ^Rbea continuous function satisfying the sign 
condition. Given fi e M{^), let ubea solution of the nonlinear Dirichlet problem 
with datum fi. 

(i) If fJ' ^ 0, then u ^Oin 
(a) If fi ^ 0, then Oin 

We give a direct proof of the corollary without using the lemma and 
then we prove the lemma in full generality: 

Proof of corollary 17.91 We prove the first assertion. By assump- 
tion. 

An = g{u) - fi'^ g{u) 

in the sense of {Cq^{Q))' . Thus, by Kato's inequality up to the boundary 
(lemma |6]TT]) and by the sign condition, 

An+ ^ X{u>G}9iu) ^ 

in the sense of (C^(0))'. The conclusion follows from the weak maximum 
principle (proposition lS.lll . □ 

Proof of lemma [TTSI We prove the first assertion. By assumption, 

— Ati = —g{u) + /i 

and 

—Aw = V 

in the sense of {Cq^{^))' . Since ii ^v, 

A(n -v) = g{u) + {u - fi) ^ g{u) 

in the sense of (C^(0))'. Thus, by Kato's inequality up to the boundary 
(lemma [6. 11 |l , 

A(u - v)^ ^ X{u>v}9{u) 

in the sense of {C^iQ))'. 

The assumption v implies that {u > v} <Z {u > 0}. Since g satisfies 
the sign condition, we deduce that 

g{u) ^0 in {n > v}, 

whence 

A('u- ^ 

in the sense of (Cq° (^2))'. By the weak maximum principle (proposition lS. It , 
we deduce that (« — f)"'" ^ and thus u ^v. □ 

Proof of proposition 17. 3[ Since max{/x, 0} < capvi/2,p, we may ap- 
ply proposition 17.61 above with V = Vl^^'^''(0) n Wq '^ (^) t° measure 
max {yu, 0}. We deduce that there exists a nondecreasing sequence (7Z„)neN 
of nonnegative measures such that for every n G N, 
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and (/i„)„GN converges strongly to max {/i, 0} in M.{Q). 

Claim. There exists a nondecreasing sequence (nn)neN in L^(f^) such 
that for every n G N, is a solution of the nonlinear Dirichlet problem 
with datum 7i„. 

We assume momentarily the claim and we complete the proof of the 
proposition. 

By the comparison principle (lemma [Z8l) , every function u„ is bounded 
from above by the solution of the linear Dirichlet problem with datum 
max{/i,0}. Thus, by the monotone convergence theorem the sequence 
{un)neN converges in L^{^) to its pointwise limit u. By the absorption es- 
timate (lemma [7!2] l, the sequence {g(un))neN is bounded in L^(0). By the 
integrability condition, the sequence {g(un))nm converges to g{u) in L^{Q) 
(see corollary 16.1011 . 

Since for every 77, € N and for every ( G Cq°{Q), 



as n tends to infinity we conclude that « is a solution of the nonlinear 
Dirichlet problem with datum max {/i, 0}. 

Similarly, the nonlinear Dirichlet problem with datum min {fi, 0} has 
a solution u. Since u ^ ^ n, by the method of sub and supersolution 
(proposition 16. 7D we deduce that the nonlinear Dirichlet problem with da- 
tum fi has a solution. 

We are left to prove the claim: 

Proof of the claim. For each n G N, denote by Vn the solution of 
the linear Dirichlet problem with datum 7J„. Since JI^ ^ 0, by the weak 
maximum principle (proposition 15. 1 D , Vn ^ 0. By the sign condition and 
by lemma 17.41 w is a supersolution of the nonlinear Dirichlet problem with 
datum 7x„. 

We proceed by induction as follows. Since is a subsolution and vq is 
a supersolution of the nonlinear Dirichlet problem with datum JIq, by the 
method of sub and supersolution (proposition 16. 7|) , there exists a solution 
uq with datum Jlq such that ^uq ^vq. 

Assume that n G and that we have defined Un-i- By the comparison 
principle (lemma I7.8L Un-i ^ Vn- Since Un-i is a subsolution and Vn is 
a supersolution of the nonlinear Dirichlet problem with datum 7Z„, by the 
method of sub and supersolution, there exists a solution Un with datum 77„ 

such that Un-l ^ Un ^ Vn- 

The sequence (nn)neN defined in this way has the required properties. 



In the proof of the proposition, we use the fact that max {fi, 0} is the 
strong limit of a nondecreasing sequence of good measures — i.e. measures 
for which the nonlinear Dirichlet problem has a solution — in order to show 
that max {/i, 0} is also a good measure. More generally, for any sequence of 




n 



n 



□ 



This concludes the proof. 



□ 
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good measures (^'n)ngN converging strongly to u inM.{^), visa good mea- 
sure, but the only proof we know under the assumptions of the proposition 
relies on reduced measures (see corollary |10.24| |. When the nonlinearity g is 
nondecreasing, this is a consequence of the contraction property discussed 
in the proof of proposition |321 

Proposition l7.3l characterizes all measures for which the nonlinear Dirich- 
let problem has a solution when the nonlinearity is given by 

g{t) = \trH. 

Indeed, if the Dirichlet problem with this nonlinearity has a solution, then 
there exists u G LP{Q) such that 

/i = — Aii + 

in the sense of distributions in $7. Since u G U'{Q), for every ip G C^(r2) by 
the Holder inequality we have 



^ C\\u\ 



Lp{n)\m\w-^,p' {ny 



Thus, Aii G (VF2'P'(ri)n Wq '^'(Q))', whence the measure | Au| is diffuse with 
respect to the W"^'^ capacity (see remark following lemma [7.13|) . 

Since \u\^ G (17) and sets with zero VF^'^' capacity have zero Lebesgue 
measure, the measure associated with is also diffuse with respect to the 
W"^'^' capacity. Therefore, n ^ cap^2,p'. 

We can also consider the nonlinear Dirichlet problem with measure 
data on the boundary: 

-Aii + g{u) = in ri, 
u = V on do.. 

The study of this problem when 5 is a polynomial nonlinearity was initiated 
by Gmira and Veron II57I and has vastly expanded in recent years; see the 
papers of Marcus and Veron 117311771 . Important motivations coming from 
the theory of probability — and the use of probabilistic methods — have 
reinvigorated the whole subject; see the pioneering papers of Le Gall Il68l 
1691 , the books of Dynkin II461I47I , and the numerous references therein. 

One of the reasons for studying separately the nonlinear Dirichlet prob- 
lem with interior measure data and boundary measure data is that these 
conditions uncouple 11281 theorem 6], which means that we may consider 
each type of data at a time. 

3. Strong approximation of diffuse measures 

We give characterizations of measures which are diffuse with respect 
to the H^'^'P capacity in terms of elements in the dual space (l/r^'P(M^))'. 
By diffuse we mean that the measure /i does not charge sets of zero W^'^ 
capacity. The precise definition is the following: 

Definition 7.10. Let ^ g M{Vt). We say that /i is a diffuse measure 
with respect to the W^'^ capacity if for every Borel set A c such that 

cap^yfc,p(A) = 0, then |/i|(A) = 0. 
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We denote this property by 

The following characterization of diffuse measures is due to Baras and 
Pierre [61 lemme 4.2]: 



Proposition 7.11. Let k e N^,, l < p < +oo and let ^ e M{R") be a 
nonnegative measure. If fJ^ <. capiyk.p, then there exists a sequence (^„)„gN in 
A^(M^) of nonnegative measures such that 

{{) for every n G N, ^„ G {W^'P{R^)y, 

(a) the sequence {nn)n£N is nondecreasing and converges strongly to fi in M (il). 

In the statement above, the assumption ji G {W^'^iM.^))' means that 
there exists a constant C ^ such that for every G C^(M^), 



^ CM 



Since C^(M^) is dense in VK^'P(IR^), v admits a unique extension as an 
element in (VF*^'P(M^))'. 

The proposition above has the following equivalent statement in terms 
of a series of nonnegative measures: 

Proposition 7.12. Lef A: g N*, l < p < +oo and let fi G M{R^) be a 
nonnegative measure. If ^ <^ cap^yfc,p, then there exists a sequence {un)n&>i in 
M.{M.^) of nonnegative measures such that 

{€) for every n G N, G {W^'P{M.^))' , 

oo 

(ii) fi= UninM{R^). 

n=0 

Proposition 17.121 — or its equivalent form, proposition 17.111 — charac- 
terizes diffuse measures in the sense that if ^ is a nonnegative measure such 

oo 

that fi = J2 '^n, with Un as in the statement, then ^ is diffuse with respect 

n=0 

to the W'^'P capacity since each measure Un is diffuse. This is a consequence 
of the following lemma: 

Lemma 7.13. Lei A; g N*, l < p < +oo and let fi G 7W(]R^) be a nonnega- 
tive measure. If fi G {W'^''P{R^)y, then fi ^ capy(/fc,p. 



Proof. Let K c M^^ be a compact set. For every ip G C~(M^^) such 
that (f ^ lin K, 



K 



By lemma |A3l there exists ijj G C~(M^) such that 

ip'^ = max {(^, 0} ^ V 

and 

IIV'llH/fe.P(RJV) ^ C\\Lp\\Y/k,v[^Ny 
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Thus, 



^ fi{K) ^ t/jdfi. 



Since G (VF^-'P(M^))', 



^ fJ-iK) ^ C'i||V'||^yfc,p(ig]V) ^ C2||v?||vyfc.p(iRJV)- 



Taking the infimum over (p, we deduce that 

Thus, for every compact set K such that ca.p^rk,p (K) = 0, we have fi{K) = 
0. This implies that the same property holds for Borel sets and we deduce 



When k = 1 and p = 2, this result was first established for signed 
measures by Grun-Rehomme ||58|; see lemma 15.171 above. The proof for 
signed measures requires (p to be chosen bounded by some fixed constant. 
This is indeed possible for any /c e N* and l<p<+oobya result of 
Adams and Polking [2]; the main ingredient in this case is to show that 
minimizers for an equivalent W'^'P capacity belong to and they are 

bounded by a constant which do not depend on the compact set K. This 
important result was proved independently by Adams and Meyers Ql and 
by Maz'ja and Havin Il78l . 

There is something puzzling about elements in A4(M^) n (VF'^''P(M^))'. 
On the one hand, as elements of A^(]R^) they may be seen as a continuous 
linear function acting on the closure of C^(M^) under uniform conver- 
gence — this is the space of continuous functions converging uniformly 
to at infinity — and they may be seen as a set function acting on Borel 
subsets of M^. On the other hand, as elements of (VF'^'P(M^))', they have 
a unique extension as a continuous linear functional acting on VF^'^(M^). 
Questions related to this ambivalent behavior have been investigated by 
Brezis and Browder ll20ll2TI . 

An alternative characterization of diffuse measures in the spirit of mea- 
sures which are absolutely continuous with respect to another measure is 
given in lemma 1931 

We now turn to the proof of proposition 17.121 We begin with the fol- 
lowing sublemma: 

SUBLEMMA 7.14. Letfi G M{R^) be a nonnegative measure. IfF : C^{R^) 
M is a linear functional such that for every ip G C^(M^), 



that /i <C capp^/fe,p. 



□ 




then 



(i) there exists a unique v G A4(]R^) such that for every (p G C^(M^), 
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and ^ ^ /i, 

(a) for every Borel set A c M.^ and for every nonnegative function (p G C° 
such that (f ^ 1 in A, 



\^J' - ^\\m 



Proof. By assumption on the linear functional F, for every ip G (M^) 
we have 

F{ip) ^ C||V9+||iOC.(]RJV) ^ C||v3||iOC.(IR]V). 

Thus, 

^ C||(^||i«=(,RiV). 

By the Riesz representation theorem, there exists a unique u G A^(M^) 
satisfying the conclusion of the proposition. 

For every nonnegative function ip G C^(]R^), 

tpdu = F{(p) ^ / 99d/i 



and 



/ 



(fdu = F{-ip) ^ 0, 



whence 



We conclude that 



^ /i ^ I/. 
This establishes the first assertion. 

We now prove the second assertion. Since ^ fi ^ u, for every Borel 
set A c M^, 

= {fi- i^){A) + (/i - u)(R^ \A)^ifi- u)iA) + /.(R^ \ A). 

If V? G C^(M^) is a nonnegative function such that ip ^ 1 in A, then by the 
Chebyshev inequality. 



(/i-zy)(A)^/ ^d{^i-v)= pdfi-F{ip). 
Combining both estimates, we deduce the second assertion. □ 



SUBLEMMA 7.15. Let fi G ) be a nonnegative measure and let ^ : 

C^{R^) ^mbe the functional defined for ip G C^{R'^) by 



If fj. capyi/fc.p, then $ zs lower semicontinuous with respect to the strong topol- 
ogy in W'''P(E.'^). 
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Proof. Let {ipn)neN be a sequence converging in VF'^'P(M^) to 93 € 
C^(M^). Passing to a subsequence if necessary, we may assume that the 
sequence {^{ipn))neN converges in [0, +00]. Let {(puJie^N be a subsequence 
converging pointwisely to if in \ E for some Borel set E C such that 
capi^/fc.p (i?) = (see proposition I A . 1 1 and remark [A!6l) . Since the measure 
/i is diffuse with respect to the W'^'^ capacity, fJ.{E) = 0. Thus, (^^nJieN 
converges /u-almost everywhere to ip. By Fatou's lemma, we then have 

$((^) = / (^+d/i^ lim / 9J+d^= lim 

7 «— !>oo J n-^co 

This gives the conclusion. □ 

The main ingredient in the proof of proposition 17.121 is based on the 
following lemma: 

Lemma 7.16. Let A; g N*, l < _p < +00 and let fi £ M{M^) be a nonnega- 
tive measure. If fi ^ cap^rk.p, then for every e > there exists v G A4(R^) such 
that 

{}%) ^ v ^ n, 
{in) Wfi - z^||;^,(iRiV) ^ e. 



The proof we present below is due to Ancona [H lemme 4.2;[50l theoreme 8] 
and is based on the Hahn-Banach theorem . 

Proof. Let ^> : C^CR^) ^ M be the function defined for (f G C^(E.'^) 

by 

$((^) = j d/i. 

Then, $ is convex and by the previous lemma $ is lower semicontinuous 
with respect to the strong topology in W'^'^iW'^). 

Let ¥ : W'''P{'R^) [0, +00] be the extension of $ to W'''P{'R'^) as a 
convex lower semicontinuous function. As a F-limit this extension is given 
for every u G W^'P{R^) by 

= inf j liminf ^(ifn) ■ {^n)nm converges to u in W'''P(R'^)\. 

It follows from the geometric form of the Hahn-Banach theorem 11181 the- 
orem 1.11] that <I> is the supremum of a family of continuous linear func- 
tional in VF'='P(R^). Thus, given ei > and i/j G C^{R^), there exists 
F G such that 

and 

$(^) = '^{^) ^ F{tp) + ei. 

In particular, F satisfies the assumptions of sublemma 17.141 Let u be the 
measure given by the sublemma. 

Take ei < e and a compact set K C R^ such that 
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Choosing a nonnegative function ^|) such that ip ^ 1 in ET, by the estimate 
in sublemma 17. 141 we have 

\\^^ - '^WMim) < i^W - FW) + K^"" \K)^ei + {e- ei) = e. 
Thus, V satisfies all the required properties. □ 

Proof of proposition OH Let (e„)„gN be a sequence of positive num- 
bers converging to 0. We construct the sequence (t'n)nGN inductively as 
follows. 

By lemma [7l6l there exists z^o € 7W(IR^) such that l^q € {W'''P{R^)y, 

^ 1^0 ^ M 

and 

Given n G N*, assume that we have defined nonnegative measures 
uq,. . . , Vn-1 such that 

n-1 

^ ^ /u- 

n-1 

In particular, Vi cap^fe.p. 

n-1 

Applying lemma [7J6] to the measure ^— ^ Vi, there exists Vn ^ M (M^) 
such that G {W^'P{R^))', 

n-1 

^ ^ /i - Yj 

i=0 

and 

n-1 
1=0 

This sequence (z^n)neN has the required properties. □ 

The next corollary summarizes other equivalent characterizations of 
diffuse measures: 

Corollary 7.17. Lef g N*, l < p < +oo and let i^l g he a 

nonnegative measure. If fi ^ cap^t.p, then 

(i) there exist a nonnegative function f G L^(M^) and a signed measure X G 
M{R^) n {W^^P{R'^)y such that 

^i = f + X mX(R^); 

{a) there exist a nonnegative measure 7 G n (Ty'^'P(M^))' and a non- 

negative function h G L^(M^;7) such that 



H = h'y in M[ 



t>N\ 
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(iii) for every e > 0, there exists a Borel set E c such that ^{M.^ \E) ^ e 
and the restriction of iito E satisfies 

The first decomposition is due to Boccardo, Gallouet and Orsina 1121 
theorem 2.1], inspired by a similar decomposition of Baras and Pierre IS 
remarque, p. 200]. This decomposition was proved by Boccardo, Gallouet 
and Orsina for k = 1, but their proof works for any A; € N*. 

When k = 2 and 1 < p < +oo, this decomposition is usually attributed 
to Baras and Pierre but their result concerns bounded domains Q in M^. 
The decomposition of Baras and Pierre is obtained by solving the Dirichlet 
problem with polynomial nonlinearity and datum /i and gives a measure A 
in (W^2'P(ri)n Wq '^(fi))'. Note that the measure A admits a natural extension 
as a measure in and, by the Hahn-Banach theorem, A also admits an ex- 
tension as a continuous linear functional in iy^'P(]R^), but both extensions 
need not agree in C^{R^). 

The second characterization is due to Dal Maso |"35l theorem 2.2] and it 
was the main ingredient originally used by Boccardo, Gallouet and Orsina 
to prove their decomposition. In our case, we prove them independently, 
based on proposition l7.12[ 

The third decomposition is proved using the Dal Maso characterization 
and has a counterpart for Hausdorff measures (see proposition I8.14D . In 
the case k = 1 and p = 2, this result was essentially known to experts in 
potential theory. 

Indeed, by a classical result in potential theory 11231 lemma 4.D.l;|62l the- 
orem 6.21], for every measure fi which is diffuse with respect to the W^'"^ 
capacity, there exists a compact set K c M.^ with W^'"^ capacity as small 
as we wish such that the restriction f.i [k generates a continuous Newtonian 
potential v. In dimension N ^ 3, this Newtonian potential converges uni- 
formly to zero at infinity, thus by the interpolation inequality (lemma 14. 7|) , 
Vv G L^(M^). In fact, v decays at infinity at the same rate as the fundamen- 
tal solution of the Laplacian, j^w^) thus, v € L^(rj) in dimension N ^ 5. 

We deduce in this case that v € W^''^{R^), whence ^U'G {W^''^{M^)y. 

Proof OF COROLLARY OZ]®- Let (z^„)„eN be a sequence satisfying 
the conclusion of proposition 17.121 Given a sequence {en)neN of positive 
numbers, for each n € N write 

Since by Fubini's theorem 
the series 

oo 
n=0 

converges in (M^) and we denote it by /. 



3. STRONG APPROXIMATION OF DIFFUSE MEASURES 



83 



Given a sequence (a„)„gN of positive numbers, we choose e„ > so 
that 

\\l^n — Pen * Z^n||(iyfe,P(KJV))' ^ «rn 

oo 

Taking the sequence (a„)„gN so that the series J2 '^n converges, then 



n=0 



n=0 



converges in (Vr'^'P(R^))'. This series also converges in A^(]R^) and we call 
its limits A. Thus, ^ = f + \ gives the decomposition we sought. □ 



Proof of corollary 17. 1 71 ([m]) . Let {vn)nm be a sequence satisfying 
the conclusion of proposition 17.121 Given a sequence {Pn)nm of positive 
numbers such that both series 



n=0 



and ^Pnhn\ 



n=0 



converge, let 



n=0 



Then, 7 G A/J(M^) n (Ty'='P(M^))'. Moreover, if ^4 is a Borel set such that 
IJi{A) = 0, then for every n € N, i^n(^) = 0, whence 7 <C ^. Thus, by the 
Lebesgue decomposition IISTl theorem 3.8: 11071 theorem 10.38], there exists 
/i G (M^; 7) such that /u = /i7. □ 

In order to prove the third decomposition we start with the following 
lemma: 



Lemma 7.18. Lef A; g N*, 1 < p < +00 and let e M 

and if J G (VF'='P(M^))', then G (VF'='P(M^))'. 

Proof. For every (f G C^{R^), 



If\f^\^l 



^ / \ip\ d\fi\ ^ / \ip\ d'y. 



By lemma lA3l there exists -0 G C^{R^) such that 

\ip\ = max{(/3, —if} ^ ^p 

and 

IIV'lliyfe.p(R'V) ^ C'llV'lliyfe.p 

Thus, 

if dp 



^ Ipd-f ^ Ci||V'||iyfe,P(]RiV) ^ C2||(/?||,4/fc,P 



This implies the result. 



□ 
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Proof of corollary [ZHZ] dm])- Let 7 G 7W(M^) and h e Li(M^;7) 
be such that 

7 € iW''^P{R^)y and ^ = /17. 
Since 7 G and for every n G N, 

the previous proposition yields 

00 

On the other hand, the set f] (M^ \ {/i ^ n}) is negligible for the measure 

n=0 

fx, whence for every e > there exists n G N such that 

ti(R^ \{hi^ n}) ^ e. 

We have the conclusion with E = {h ^ 7i}. □ 

The Boccardo-Gallouet-Orsina decomposition behaves linearly in the 
sense that if fii and /U2 are diffuse measures and if 

^i = /i + Ai and ^2 = /2 + A2, 

then for every ai, 02 G M, 

aifii + a2/i2 = (ai/i + 02/2) + (aiAi + a2A2) 

gives a decomposition of the diffuse measure ai^i + a2/i2- However, the 
construction of the decomposition itself is highly nonlinear since it depends 
on the Hahn-Banach theorem. 

Already in the case k = 1 and p = 2 one might ask whether there 
is a linear construction behind, or more precisely, if there exists a linear 
continuous functional L from the Banach space of diffuse measures with 
respect to the W^'^ capacity into Li(R^) x {W^'^{R^)y which gives the 
decomposition. Ancona f5] has showed that the answer is negative. The 
main reason behind is that the decomposition is far from being unique. 

From the proof of the Boccardo-Gallouet-Orsina decomposition we have 
an additional control on the norms of / and A: for every e > 0, there exist 

/ G Li(M^) and A G M(M^) n {W^'P{R'^))' such that 

II/IIl1(IR^) ^ ll/^llx(R'V)) 

and 

l|A||A^(MiV) ^ 2||/i||_v((]KiV) and ||A||(^fc,p(K]V))/ ^ e. 

We can impose a different control on the / part and on the A part of the 
decomposition. For instance, for every e > 0, there exists C > such that 

and 

The idea is to start with a decomposition fj, = f + X and then, given k > 0, 
write 

/^ = (/-r.(/)) + (T,(/) + A). 
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By choosing k > sufficiently small, the part of the decomposition has 
small norm, but since we are working on the whole space M^, Ti^{f) need 
not belong to (W^*^'P(M^))'. 

For bounded domains, the strategy above already suffices to have the 
estimates. The argument in has to be slightly adapted and is contained 
in the following corollary: 

Corollary 7.19. Let ^ e M{R^) and let M > 0. If is a diffuse measure 
with respect to the capacity W'^'P, then for every e > there exists 5 > such that 
ifipe C^(]R^) satisfies 

^ M and ||vIIvk*.p(r'V) ^ ^i 

then 



^ e. 



Proof. Let / G L^{R^) and A G M{M^) D (T4^^''P(R^))' be such that 

= / + A. 

Given k > and a Borel set A C with finite Lebesgue measure, write 

/^ = 7+A, 

where 

7 = f-TMlXA and A = r,(/)xA + A 

For every ip G 



L1(K^)IIV'IIl°°(MJV) + ||A||(^fe,p(-KJV))/||(/9||iyfc,p 



Since the set A has finite Lebesgue measure, A G {W^'P{R^)y. Moreover, 



Given M ^ and e > 0, we may take k > and a Borel set A C M with 
finite Lebesgue measure such that 



The conclusion follows by choosing any (5 > such that 

<^llA||(H/fc.p(RiV))' ^ -• 

The proof of the corollary is complete. □ 



CHAPTER 8 



Exponential nonlinearity 

We investigate the existence of solutions of the nonlinear Dirichlet prob- 
lem 

( —Au + g{u) = fi inO,, 
\ ti = on di}, 

where the nonlinearity 5 : M ^> M has exponential growth: for every i € M, 

b(t)KC(e* + l), 

for some C > 0. 

1. Two dimensional case 

The main result in dimension two is due to Vazquez 111031 theorem 2]: 

Proposition 8.1. Let g -. R ^ Rbe a continuous function satisfying the 
sign condition, the integrability condition and such that for every i G M, 

b(t)KC(e* + l). 

IfN = 2, then the Dirichlet problem has a solution for every G M{Q.) such that 
for every x G ^^{{x}) ^ 47r. 

Vazquez original proof relies on the John-Nirenberg inequality II63I . We 
present a simpler proof based on the following inequality established by 
Brezis and Merle 11241 theorem 1]: 

Lemma 8.2. Let N = 2. Given a nonnegative measure n G A^(0), let 
V -.R? ^Rbe the Newtonian potential generated by /j,, 

n 

where d ^ diamJl. if ||/^||A^(n) < ^vr, then G L^{Vl) and 

l|e''||Li(Q) ^ C 
for some constant C > depending on \\p.\\M{n) d. 
Proof. For every x G M^, we write 

J 2tt \\x-y\J\\mM J \\x-y\J WmM 
n n 
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(x) = ^/log( 
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Since /u/||^||;\4 is a probability measure in Q, and log is a concave function, 
by the Jensen inequality for concave functions we have 



v{x) ^ lo^ 

Thus, 



llf'II.A4 

d \ 2,r d/u(y) 



x-y\J WmM 



x-y\) W^^Wm 



n 

By Fubini's theorem, 

>II.M 
2w 

dx 



n n ~n 

U N = 2 and if ||/u||_A/((n) < 47r, then 



\x - y\ 



II/^IIm 



e^^^dx^C I ^ = C. 
n n 

This proves the estimate. □ 

An inspection of the proof shows that the estimate of holds with 
constant C = , m ii"^^ — jj-. 

Lemma 8.3. If N = 2 and if ^ M{9) is such that for every x G fi, 
fj'iix}) < Att, then the solution of the linear Dirichlet problem 

-Av = fi in 0, 
V = on 30, 

satisfies e" G L^{U). 

In particular, if /x is an function, then it is always true that G (Q), 
however this is a qualitative information since there is no control ||e*'||/^i(j7) 
in terms of WiJ^h^n)- 

Proof. Let fi^ = maxj^u, 0}. From the assumption on there exists 
r] > such that for every a G 0, 

Given a G let vi be the Newtonian potential generated by /i+ [^(a;?)) 
and let V2 be the Newtonian potential generated by /U+ Ln\B(a;»?) with d 
diam 17. 

Claim. The solution v of the linear Dirichlet problem satisfies v ^ + 
in 0. 

Let us temporarily assume the claim and conclude the proof. Let < 
Q <\. Since V2 is a harmonic function in -B(a; i]), it is bounded in B{a\ Qr\). 
Thus, 
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in B{a; 9rj)riO,. By the Brezis-Merle inequality, e^^ G ^^($7). We deduce that 
€ L^{B{a; Orj) n Q). To conclude the argument we cover Q with finitely 
many balls of radius 9r] and we deduce that e" G L^{n). 
It remains to prove the claim. 

Proof of the claim. Since 

-A(-yi + V2) = M^, 

we have 

A{v — vi — V2) ^ 

in the sense of distributions in $7. For d ^ diam $7, the function vi + V2 is 
positive in 0. Thus, 

{v — Vl — V2)^ ^ ^ \v\. 

Thus, for every e > 0, 

^ J {V - Vl - V2y ^ ^ J \v\. 

{xen:d{x,dn)<e} {xen:d{x,dn)<e} 

Since v satisfies a Dirichlet problem with zero boundary condition, the 
quantity in the right-hand side converges to zero as e tends to zero (propo- 
sition l331) , whence the quantity in the left-hand side also converges to zero. 
Applying proposition l5.2[ we deduce that 

A{v — Vl — V2) ^ 

in the sense of (Co°(0))'. By the weak maximum principle (proposition |5.1L 
the claim follows. □ 



This concludes the proof of the lemma. □ 

Corollary 8.4. Let g ■.R^Rbea continuous function satisfying the sign 
condition and such that for every t G M, 

|<7(t)KC(e* + l). 

If N = 2 and if fi E M{Q) is such that for every x G 0, < Att, then the 

nonlinear Dirichlet problem has a solution. 

Proof. Let U be the solution of the linear Dirichlet problem with da- 
tum max {/i, 0}. By the previous lemma, e*" G L^(0), whence g{v) G L^{Q). 
By the weak maximum principle (proposition IS .It , w ^ 0. By the sign condi- 
tion, we deduce that I; is a supersolution of the nonlinear Dirichlet problem 
with datum fi. 

By the weak maximum principle, the solution v of the linear Dirichlet 
problem with datum min {/i, 0} is such that v^O, whence e- G L°°{Q,) and 
g{v) G L^(f]). By the sign condition, we deduce that v is a subsolution of 
the nonlinear Dirichlet problem with datum /i. 

For every v G L^(i7) such that v ^ v ^ v we have g{v) G L^{i}). By 
the method of sub and supersolution, the nonlinear Dirichlet problem with 
datum fi has a solution u such that v^u^^v. □ 
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Proof of proposition 18. 1[ Let (/iri)ngN be a nondecreasing sequence 
of measures converging strongly to fx such that for every n € N and for 
every x € 0, < 47r. For instance, we may take 

fJ-n = ctn max {/i, 0} + min {fj,, 0}, 

where (a„)„gN is a nondecreasing sequence of numbers converging to 1. 

As in the proof of proposition l7.3l there exists a nondecreasing sequence 
{un)nm in {^) such that for every n G N, u„ is a solution of the Dirichlet 
problem with datum 

By the comparison principle (lemma [Z8l) , every function u„ is bounded 
from above by the solution of the linear Dirichlet problem with datum 
max{//,0}. Thus, by the monotone convergence theorem the sequence 
{un)nm converges in L^(il) to its pointwise limit u. By the absorption 
estimate (lemma |Z2]|, the sequence {g{un))neN is bounded in L^(S7). The 
integrability condition implies that the sequence {g{un))n€N converges to 
g{u) in L^(0) (see corollary I6.10II . We conclude that u is a solution of the 
nonlinear Dirichlet problem with datum fi. □ 

If the nonlinearity g is given by 

g{t) = e* - 1, 

or in the case of the scalar Chern-Simons equation 11109 1 , 

5(t)=e*/2(e*/2-l), 

then the condition given by proposition lS.ll characterizes all finite measures 
for which the nonlinear Dirichlet problem has a solution. This is a conse- 
quence of the fact that if v is the solution of the linear Dirichlet problem 

-Av = u inU, 
V = on dQ, 

for some u € A^(il) and if a S is such that z>({a}) > 0, then u has a 
Dirac mass at a — a nontrivial atomic part — and in a neighborhood of 
a the function v behaves like the fundamental solution of the Laplacian 
multiplied by z^({a}), 

^i^) 7, log] r 

zvr \x — a\ 

If e*' € L^(J7), then we cannot have i^{{a}) > 47r. The reader will find the 
rigorous argument in ^ section 5: 11031 section 5]. 

2. Higher dimensional case 

The existence of solutions in higher dimensions for exponential nonlin- 
earities is due to Bartolucci, Leoni, Orsina and Ponce [71 theorem 1]: 

Proposition 8.5. Let g R ^ Rbe a continuous function satisfying the 
sign condition, the integrability condition and such that for every t G R, 

|5(t)KC(e* + l). 

If N > 3, then the Dirichlet problem has a solution for every fi G M.{^1) such that 
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The inequality fi ^ AttT-L^ ^ is meant in the sense of measures, meaning 
that for every Borel set A c il. 

Since T-L^'"^ is not a finite measure — not even a cj-finite measure — the 
right-hand side may be infinite. This is the case for every nonempty open 
set A. Note that every function trivially satisfies this inequality since if 
^{^^^{A) is finite, then A is negligible with respect to the Lebesgue mea- 
sure. More generally, every measure which is diffuse with respect to the 
W^'"^ capacity also satisfies this inequality since if n^-^iA) is finite, then 
cap(4/i,2 (A) = 0. In this sense, we recover two cases for which the Dirichlet 
problem has a solution regardless of the nonlinearity g (see proposition l3.7l 
and proposition l9.1ll . 

The conclusion of the statement is still correct when N = 2 since the 
inequality fi ^ AttT-L^ amounts to saying that for every x ^ Q, 

fi{{x}) ^ ATTn°{{x}) = Att 

and we recover Vazquez's condition. 

The main ingredient of the proof of proposition |83] is the following in- 
equality established by Bartolucci-Leoni-Orsina-Ponce [Zl theorem 2], which 
is the counterpart in higher dimensions of the Brezis-Merle inequality. 

Lemma 8.6. Let N ^ 3. Given a nonnegative measure /x G let 
V : M.^ —^Mbe the Newtonian potential generated by 

n 

where d ^ diam$7 and ujn is the volume of the unit ball in M^. If ^ aH^~'^ 
for some a < Att, then e"" € L^{U) and 

h'"\\LHn) ^ 

for some constant C > depending on N, a, \\iJ.\\M{n) \^}\. 

The notation H^'"^ indicates the Hausdorff content of dimension N — 2, 
whose definition is recalled in the appendix. This is an outer measure such 
that for every x G and for every r > 0, 

see proposition lB.il 

The Hausdorff content is not a measure since it is not additive. The 
condition /x ^ aV.^""^ means that the inequality must hold for every Borel 
set A c ^. According to proposition lB.2l this is equivalent to have for every 
X G and for every r > 0, 

li{B{x; r) n 17) ^ auN-2r^~^- 

The identity below which we will use in the proof of the lemma gives 
a unified way to deal with the Newtonian potential without having to dis- 
tinguish whether = 2 or ^ 3. 
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SUBLEMMA 8.7. Let N ^ 2 and let /i e M{^1) be a nonnegative measure. If 
V : — > M is the Newtonian potential generated by fi, then for every x G il, 

1 /"MBlj^OnSi) 



This representation of the Newtonian potential can be found for in- 
stance in §46]. 

Proof. By Cavalieri's principle 111081 coroUaire 6.34], for every nonneg- 
ative function / G L^(f]; we have 

/r+oo 
f^f^ = J K{yen:f{y)>t})dt. 

For every x £ Q, the function f : Q, ^M. defined for y £ Qhy 

1 1 



fiy) 



is nonnegative. Applying Cavalieri's principle, we have 

^ r+oo 

^(3;) = / /^(ly £ ^ : I ITT^ — > dt. 

^ ^ N{N-2)uN Jq ^^^^ l^'-J/l ' " 

Using the change of variable t = — ^[}_2 , we get 

1 1 

^^(a;) = ^({y G : - 2/1 < r}) d'" 

1 fi(B(x;r)nn) , 

- dr. 



This gives the identity. □ 

The main ingredient in the proof of the Bartolucci-Leoni-Orsina-Ponce 
inequality is the following one dimensional estimate: 

SUBLEMMA 8.8. Let a ^ 0, s ^ 0, d > and let f : [0,d] R be a 
nondecr easing function. If for every ^ r ^ d, 

^ /(r) ^ ar", 

then 



L 



^ dr log (1 + Cd'' -^tX- '^r ) , 



/O ' \ 

for some constant C > 1 depending on s and f{d). 

There is a natural candidate one would wish to apply this inequality to: 
the function / : [0, d] M defined for r G [0, d] by 

/(r) = ar'. 

In this case, both sides become infinite. A second attempt is to consider for 
every parameter < e < d, a function : [0, d] — )• M defined for r G [0, d] 
by 

'0 ifOs:r<e, 
or'* if e < r ^ d. 



fe{r) 
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In this case. 



while 



and thus 



dr = a log 



log 1 + 



rS + l + a 



dr 



a log 



+ 0(1), 



where 0(1) denotes a quantity that remains bounded as e tends to zero. 
Thus, both terms in the inequality tend to infinity at the same rate. 



Proof of SUBLEMMA |8.8[ We first assume that / vanishes in a neigh- 
borhood of and is smooth in [0,d]. By scaling it suffices to prove the 
lemma with d = I. Let g : [0, 1] — ?• Ebe the function defined for r € [0, 1] by 

m 



Thus, 



sup 



dr ^ 



dr. 



Since g is absolutely continuous and vanishes in a neighborhood of 0, by 
integration by parts we have 



1 g(r) 1 
dr = (log r)g{r) 



r=0 



(log r)g'{r) dr 



j (log^)s''(r-)dr. 



Thus, 



'^dr^ y'(logi)g'(r)dr 

Since g is nondecreasing and g{^) = 0, the function g' /g{l) is a probability 
density in [0, 1]. By the Jensen inequality for concave functions, we have 



Claim. For almost every r € [0, 1], 

^ g'{r) ^ 



' 1 g'jr) 

r9(i) g{l) 
fir) 



dr 



We temporarily assume the claim. From the estimate in the claim we 
have 



rS + l 



By integration by parts. 



dr ^ log 



1 



1 f> 



f'jr) 
g{l)Jo r^+9(i) 



dr 



' fir) 



dr 



fir) 
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and this implies 

Since /(I) ^ g{l) and ^(l) ^ a, we get 

This gives the conclusion. 

We now return and prove the claim: 

Proof of the claim. For almost every r G [0, 1], 

d /(r) 



^ g'{r) ^ 



dr 



The proof of this estimate relies on the fact that for every x < y in [0, 1], 
there exist x ^ ym[x,y] such that 



Oi:giy)-g{x) ^ 



fiy) fix) 



yS 



we refer the reader to [71 lemma 1] for the details. Since / is nonnegative 
and s ^ 0, 

d fir) ^ fir) 



Since / is nondecreasing, the claim follows. □ 

This establish the inequality when / vanishes in a neighborhood of 
and / is smooth in [0, d]. The general case follows by approximation of / 
by a sequence of functions ifn)nm of this type. This approximation can 
be done so that (/n)neN converges almost everywhere to / in [0, d] and for 
every n € N and for every ^ r ^ c?, ^ fnir) ^ ar^. The proof of the 
estimate is complete. □ 

Proof of lemma [8761 We begin by writing the Newtonian potential 
for every a; G as 

1 fiiB{x-r)r^^) ^ 

v{x) = — / Kf—^ dr. 

^ ^ Nun Jo r^-^ 

Given x £ Q,, we apply the previous lemma with s = iV — 2 to the function 
/ : [0, d] ^ M defined for r G [0, d] by 

fir) = j;^KBix;r)nn). 

Since ^ aTi^^^, we have for every ^ r ^ d, 

fir) = J^t'iBix; r)nn)^ -}—a'H^-^[Bix- r) D Ci) 



We get 
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Thus, 

Jo r" ^+2,r 

Integrating on both sides with respect to x, we get by Fubini's theorem, 

n n 
Applying once again Fubini's theorem, 

/MB(.;.)nn)d. = /( / d,(.))d. 



n B{x;r)r\Q 

dx] d/.f(z). 

n B{z;r)nn 



Thus, 



fi{B{x;r) nn)dx J unv^ dfi{z) = uJNr^\\^J-\\Min)■ 
Q 

Therefore, if q < Air, then 

/ e''^^) dx ^ \n\ + C2d^ [ dr ^ C3. 

J Jo r ^+2,r 

n 

This gives the conclusion. □ 

Lemma 8.9. G M{i}) is such that ^ aUf'"^ for some a < in and 
(5 > 0, then the solution of the linear Dirichlet problem 

( —Av = fi in n, 
\ V = on d^, 

satisfies G L'^{Q). 

Proof. We begin with the following claim: 
Claim. The restriction of to B{a; 5) PI $7 satisfies 

We temporarily assume the claim. Given a G 0, let vi be the Newto- 
nian potential generated by /x+ [B{a]5)nn ^^id ^^t V2 be the Newtonian poten- 
tial generated by /i+ ln\B{a;5)- As in the proof of lemma 18.31 by the weak 
maximum principle we have 

in O. 

Let < ^ < 1. Since V2 is a harmonic function in B{a; rf), it is boimded 
in B{a; Or]). Thus, 
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in B{a;9ri) fl Q.. By the Bartolucci-Leoni-Orsina-Ponce inequality, e''^ E 
L^{9). We deduce that e'' G L^{B{a]evi) n Vl). To conclude the argu- 
ment we cover Q. with finitely many balls of radius Ot] and we deduce that 

Proof of the claim. For every Borel set AdQ,, 

l^[B{a:5)n^{A) = ^l{A n B{a- 5)) ^ a'H^~\A D B{a; 6)). 

Since the set An B{a; 6) is contained in a ball of radius 6, for every s ^ 
we hav^l 

nKAnBia;6))i^nl,iAnB{a;6)), 
and by monotonicity of the Hausdorff content we deduce that 

fJ^lB(a;5)nniA)i^an^-\A). 

This proves the claim. □ 

The proof of the lemma is complete. □ 

The following corollary can be proved as in the two dimensional case: 

Corollary 8.10. Let g -. M. ^ M. be a continuous function satisfying the 
sign condition and such that for every t G M, 

|5(t)KC(e* + l). 

IfN^3 and if ^j. e M{Q) is such that fi ^ aHf'"^ for some a < Att and S > 0, 
then the nonlinear Dirichlet problem has a solution. 

In the next section we discuss the following result concerning strong 
approximation of measures in terms of Hausdorff outer measures: 

Proposition 8.11. LetO < a < +oo and ^ s < +oo, and let (i G M{^) 
he a nonnegative measure. If fj. ^ oH^, then there exists a sequence {iJ.n)nm in 
M{i}) ofnonegative measures such that 

(i) for every n G N, there exist an < a and (5„ > such that fin ^ anl-Ll^, 
{a) the sequence (/in)ngN is nondecreasing and converges strongly to fi in M (il). 

Strictly speaking, we shall consider the case where Vt = M^, but the 
case of an open set Q. can be reduced to this one by extending the measure 
IX to the whole space M^. 

Proof of proposition 18. 5[ By the property of strong approximation 
of Hausdorff measures, there exists a nondecreasing sequence (/in)neN of 
measures converging strongly to /i such that for every n G N, 

On 

where a„ < 47r and 5„ > 0. The rest of the argument is the same as in the 
two dimensional case. □ 



Actually, equality holds. Given a sequence of balls {B{x„; J"„))„gN covering AnB{a; S) 
without any restriction on the radii rn, we may replace each ball B{xn\ r„) such that r-„ > 
S by B{a; 5). Alternatively, n B{a; 5)) is at most lusS'' so if we wish to compute 

Hla {A n B{a; 5j), it is not interesting to use balls of radii larger than S to cover An B{a;5). 
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The condition given by proposition 18.51 does not characterize all mea- 
sures for which the nonlinear Dirichlet problem has a solution, even in the 
case where the nonlinearity : M — )• M is given by 

g{t) = e* - 1. 

For every N ^ 3, the author has constructed an example of a positive mea- 
sure 1^1 supported in a compact set of zero Hausdorff measure 'H^~'^ such 
that the solution v of the linear Dirichlet problem with datum /i satisfies 
G L}{Q) [961 theorem 31. By the method of sub and supersolution (propo- 
sition |6]7|, the Dirichlet problem with exponential nonlinearity and datum 
/i has a solution. In this case, the inequality ^ AttT-L^"'^ is not satisfied by 
the support of /x. 

This raises the following question: 

Open problem 8.12. Characterize the set of finite measures ^ for which 
the nonlinear Dirichlet problem has a solution when the nonlinearity g : 
M ^ M is given by 

git) = e* - 1. 

The answer to this problem also gives the characterization of good mea- 
sures for the Chern-Simons scalar equation with nonlinearity 

ff(i) = e*/2(e*/2-l). 

Veron II104I has recently made some progress in this direction. He intro- 
duced a condition in terms of an Orlicz capacity which presumably in- 
cludes the measures constructed in If96ll , not covered by proposition 18.51 
As a drawback, Veron's condition is less transparent than ours. 

3. Strong approximation in terms of density 

The goal of this section is to prove the following result due to the au- 
thor II95I . It was inspired by a technical lemma in [71 lemma 2] which was 
used in the proof of existence of solutions of the Dirichlet problem with 
exponential nonlinearity in any dimension (see proposition l8.5l above): 

Proposition 8.13. Let < a < +oo and ^ s < +oo, and let ^ G 
A^(M^) he a nonnegative measure. If fj, ^ aW, then there exists a sequence 
{Hn)neN in A^(M^) of nonnegative measures such that 
(i) for every n G N, there exist an < a and 5n > such that fin ^ On^l , 
(ii) (/U„)„gN converges strongly to n in M{R^). 

The condition 

gives a uniform upper bound on the s dimensional density of fi: for every 
ball B{x; r) C such that < r ^ 

; ^ an- 

This proposition characterizes finite measures ji which satisfy the in- 
equality 
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in the sense that if there exists a sequence {fin)neN satisfying properties (i) 
and (a) of the proposition, then for every Borel set A c M^, 

Letting n tend to infinity, we get 

fi{A) ^ aW{A). 

Compared to proposition lS.lll the sequence (//n)n6N above need not be 
monotone. In order to get this extra conditions, the proof becomes more 
technical and we prefer not to present it here. For the sake of existence of 
solutions of the nonlinear Dirichlet problem, this statement is enough but 
it requires an additional argument which relies on the concept of reduced 
measure (see corollary |10.24| |. Under the additional assumption that the 
nonlinearity g is nondecreasing, no reduced measure is required, and this 
follows from the contraction property discussed in the proof of proposi- 
tionlSTl 

Another formulation of proposition l8.13l is the following: 

Proposition 8.14. Let Q < a < +oo and ^ s < +oo, and let ^ G 
7W(M^) he a nonnegative measure. If fj, ^ oH^, then for every e > and for 
every (3 > a, there exists a Borel set E c such that 

(i) there exists 6 > such that ij.[e^ f^^^S' 
(ii) fi{R^ \E) ^e. 

This proposition is reminiscent of the property of uniform convergence 
of the Hausdorff outer measures to the Hausdorff measure H'' on sets 
of finite Hausdorff measure (see proposition |B.6l l. 

We first prove proposition 18.141 and then we deduce proposition 18.131 
as a consequence. 

The main ingredient is the following lemma: 

Lemma 8.15. Let fi e 7W(]R^) be a nonnegative measure. For every non- 
negative Borel outer measure T, there exists a Borel set E c such that 

hIe^T and T (R'^ \ E) n{R^ \ E) . 

We recall the a nonnegative outer measure T is a set function with val- 
ues into [0, +oo] such that 

(a) T(0) = 0, 

(6) ifAcB, then r(^) ^ T{B), 

oo oo 

(c) for every sequence (A„)„eN,T( U ^fc) ^ E ^(^fc)- 

k=0 k=0 

This lemma is essentially ||7j lemma 2] rewritten for outer measures; the 
outer measure T we have in mind is I3H^ with /3 > 11511 proposition 1.10]. 
When T is a finite measure, this lemma follows from the classical Hahn 
decomposition theorem IISTl theorem 3.3] applied to the measure ^ — T, in 
which case the set E may be chosen so that 

hIe^T and T[-^n\e^ l^-- 
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The main idea of the proof is that if the inequality /i ^ T does not 
hold on every Borel set, then there exists some Borel set F c such that 
T{F) < f-i{F) and we try to choose F so that /u(F) is as large as possible. 
Since /U is a finite measure, we eventually exhaust the part of fi that prevents 
the inequality to hold. 

Proof of lemma ISTTSl Let < 6* < l. By induction, there exists a 
sequence {Fn)nm of disjoint Borel sets of such that 

(a) for every n € N, r(F„) ^ 

(b) for every n € N*, /u(F„) ^ 0e„, where 

e„ = sup \ fi{F) : F C \ U ^fc and T{F) ^ fi{F) . 

k=o ^ 

By subadditivity of T and by additivity of /i. 



k=" 

We claim that 



Ail tx; ^ T. 

U ^fc 

fc=0 

Assume by contradiction that this inequality is not true. Then, there exists 
a Borel set C C such that 



Let 



T{C)<fi{C\ U Fk). 

k=0 



D = C\\J Fk. 

k=0 



By monotonicity of T, we have 

T{D) < T{C) < fi{D). 

In particular, fJ,{D) > 0. Since D is an admissible set in the definition of the 
nvimbers e„, for every n e N we have 

fi{D) ^ en- 

This is not possible since 

oo oo 

oo 

k=0 k=0 '^=0 

In particular, the sequence (e„)„gN converges to 0, but this contradicts the 
fact that (e„)„gN is bounded from below by fi{D). 
We have the conclusion of the lemma by choosing 

oo 

E = R^\\jFk. □ 

fc=0 

The following lemma allows us to bypass the lack of additivity of the 
outer Hausdorff measures Tif. 
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Lemma 8.16. Let < a < +oo and ^ s < +oo, let v G 7\4(M^) he a 
nonnegative measure, let 6 > and let Fi, . . . , be disjoint Borel subsets o/M^. 
If for every A; G {1, . . . , n}, 

n 

then for every e > 0, there exist < 5 ^ 5 and a Borel set E c IJ Fk such that 

k=l 

n 

z^Ls^ a'Hl and v[ U \ ^) s: e. 

k=l 

Proof. It suffices to establish the proposition with a = 1. 
For each i € {1, . . . , n}, let Ki c Fj be a compact subset. For every Borel 
set A c M^, 

n n 
i^l ' i=l i=l 

Let < ^ ^ 5 be such that for every i, j G {1, • • • if i ^ j, then 
d{Ki, Kj) ^ 5. In particular, 

d{AnKi,AnKj) ^5. 



By the metric subadditivity of the outer Hausdorff measure (lemma EU, 

" n 

Y,niiAnK,) = ni{[jiAniu)). 
i=i ~ ~ ^=1 

We deduce that for every Borel set A c M^, 

n 

^ nUA nK,) = ni{[j{An k,)) ^ ni{A). 
i=i ~ " ^=1 

Thus, the set 

E={]Ki 

i=l 

satisfies the first property of the statement. 

We now show how to choose the compact sets Ki in order to have the 
second property. Since 

n n n 

{[JF^)\{[JK.)=[J{F^\K,), 
i=l i=l i=l 

by additivity of the measure /i, 

n n 

n{{UF^)\{[jK,))=Y,^^{F^\K,). 

1=1 t=l 

By inner regularity of the measure fi, we may choose Ki C Fi such that 

/i(F,\A',) ^ -. 

n 



3. STRONG APPROXIMATION IN TERMS OF DENSITY 101 

Thus, 



n n 



i=l i=l ' 

This proves the proposition. □ 

Proof of proposition I8.14[ It suffices to prove the proposition with 
< a < 1 and /3 = 1. 

Let {bn)n<m be a sequence of positive numbers converging to 0. We 
construct a sequence of Borel sets (E'„)„gN in such that 

(«) /^U^ ^5o' 

(6) for every 77, € N*, ;U [ „_i ^ "Hf , 

U 

fc=() 

n 

(c) for every 77 € N, \ E^) ;u(M^ \ U ^fc) • 

fc=0 

We proceed by induction on ri € N. Let c be a Borel set satis- 
fying the conclusion of the previous lemma with T = T-L^^ . Given ?i G N=f 
and Borel sets Eq, . . . , En^i, applying the previous lemma with measure 

a\ N-i and outer measure T = , we obtain a Borel set En C 

V\ U 

k = 

such that 

EA U ^^fc 

fc=0 

and 

N 
k=0 

Let 

00 

C = \ U ^fc- 

k=0 

n 

On the one hand, since (M.^ \ [j E^) ^^ is a nonincreasing sequence of sets 

fc=0 

whose limit is C, 

n 

lim A^(M^\ U Ek)=fJ.iC). 
On the other hand, by property (c). 



fc=0 

As n tends to infinity, we get 

In particular, the Hausdorff measure "H* (C) is finite and by the upper bound 
of in terms of the Hausdorff measure, 

{l-a)fi{C) ^0. 

Thus, ^(C) = 0, whence 



lim ^(M^ \ U Ek) = KC) = 0. 
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n 

pN 



Given a Borel set E c \ (J E^, by additivity of the measure fi, 

k=0 

n n 

\ E) = (M^ \ U ^fc) + /"( U E, \ E) . 

k=0 k=0 

Given e > 0, by the limit above there exists n e N such that 

m(M^\ U Ek)^^. 

k=0 ^ 

By the property of weak additivity of the Hausdorff outer measures (lemma r8.16l l 

n-l 

applied to the sets Eo,Ei\Eo,. . . ,En\ U Ek, there exist 

k=0 

n 

< ^ ^ minjJo, • • • , ^n} and E d [] Ek 

such that 

n p 

^llE^n| and f,{\J Ek\E)^ -. 

k=0 ^ 

Thus, 

5:^ + ^ = 6. 

This concludes the proof of the proposition. □ 

An additional argument shows that it is possible to find a set A satisfy- 
ing properties independently of /3 > a, but with a parameter > 
still depending on /3. 

Proof of proposition 18.131 Let (e„)„gN be a sequence of positive num- 
bers converging to zero and let (/3„)„gN and (/3.„)neN be such that for every 
n e N, _ 

Let En C be the Borel set and let (5^ > be the parameter satisfying the 
conclusion of the previous proposition with parameters and /3„. Taking 
the measure 

Pn 

we have 

with Q„ < a. Moreover, since /i„ ^ f-i, 



11^ - f^n\\M{R'^) = - =-KEn) 

Pn 

= 'h^^^En) + /x(M^ \ En) ^ ^ii^/x(]R^) + en. 

If the sequence (/J^JneN converges to a, we deduce that {fJ.n)neN converges 
strongly to fi in M(M.^). The proof of the proposition is complete. □ 

Other consequences of the results in this section and connections to the 
problem of removable singularities for the divergence operator are investi- 
gated by the author in ||95||. 



CHAPTER 9 



Diffuse measure data 

We show that the nonlinear Dirichlet problem 

( —Au + g{u) = jjL in f], 
\ u = on dVl, 

always has a solution when the measure /U is diffuse with respect to the 
W^'"^ capacity. Using a result of de la Vallee Poussin | |40| , we also prove 
that this is the largest class of measures for which the Dirichlet problem 
has a solution regardless of the nonlinearity g. 

1. Sufficient condition 

We begin by showing that the nonlinear Dirichlet problem always has 
a solution if the measure ^ is diffuse: 

Proposition 9.1. Let fi e M{^1). If the measure fi is diffuse with respect 
to the W^'"^ capacity, then for every continuous function 5 : M — M satisfying the 
sign condition, the nonlinear Dirichlet problem with datum (j, has a solution. 

This statement is proved in full generality by Orsina and Ponce 11871 the- 
orem 1.2] and extends a previous result of Gallouet and Morel Il54l theo- 
rem 1] for data. The strategy for data or for diffuse measure data 
is the same. The case of nondecreasing nonlinearities was first studied by 
Brezis and Strauss |[301 for data and by Brezis and Browder 11191 the- 
orem 1] for (P^o )' data and they can be combined to give the result for 
diffuse measures l|231 theorem 4.B.4]. 

Lemma 9.2. Let g M{Vl) and let u be the solution of the linear Dirichlet 
problem 

( —Au = fi in $7, 
\ u = on d^l. 

If fiis a diffuse measure with respect to the W^''^ capacity, then for every bounded 
nondecreasing continuous function $ : M M t/ze quasicontinuous representa- 
tive uofu satisfies 

J $(0) ^ y" ^{u) d/i. 
Q n 

The strategy of the proof consists in reducing the problem to the case 
where ^ € {W^'^iQ))', in which case u e W^'^iQ). 

Proof. It suffices to prove the estimate when <I>(0) = 0. 
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Let {fin)nm be a sequence in M{fl,) converging strongly to /i in M{fl,) 
and such that for every n e N, ^„ G [Wq''^ {^})y ; the existence of such se- 
quence follows from proposition 17. 1 1 1 applied to the positive and negative 
parts of fi. Denote by u„ the solution of the linear Dirichlet problem with 
datum 

For every n £'N, 

j ^{u) dfl^ j <l>{Un) dfln + j ^{Un) d(/i - /U„) + j [^{u) - «>(S„)] d/i. 



Since /i„ € {W^'"^ {Vt))' , Un S Wq'^{VL). Assuming that $ is smooth and that 
its derivative has compact support, then by the interpolation inequality 
(lemma l47)l we have $(n„) G wl''^{n). 
We first observe that 



a, 2/ 



Indeed, 



j $(n„)d^„ ^ 0. 

j ^{un)d^x = j V$(n„)-Vn„ = j ^>'(n„)|V'u„|2 ^ 0. 
no. n 



Next, 



This implies 



Clll^n - /^||A4(n)- 



lim 

n— ^cxD 



4>({i„)d(/i-^„) = 0. 



Finally, by the Boccardo-Gallouet-Orsina decomposition of diffuse mea- 
sures (corollary \7.\7\ ii\], we may write 

/^ = / + A, 

where / e L'^in) and A G n (V^d'^(J^))'. By the dominated conver- 

gence theorem, 

lim / [$(n)-$K)]/ = 0. 



We also have 



lim / \^{u) - ^{un)] dA = 0. 

n-^oo J '- ■' 



Indeed, on the one hand, by the interpolation inequality the sequence 
is bounded in Wq^'^($7). On the other hand, by Stampacchia's regularity the- 
ory (proposition 14.81 1 the sequence {un)neN converges to u in L^(0). Thus, 
($(M„))neN converges weakly in VF'o'^(J^) to Since A G (Wq '^(Q))', the 
limit above holds. We deduce that 



lim / \^(u) - ^(un)] dfi = 0. 

71— i>00 J '- -' 
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Combining these three facts, we conclude that 

$(u) d/^ ^ 



The proposition follows when <I> is smooth and has compact support. 
The general case can be deduced from this one by taking a uniform ap- 
proximation of $ by functions of this type. □ 

Corollary 9.3. Let ^ g 7W(0) and let u be the solution of the linear 
Dirichlet problem with datum fi. If fi is a diffuse measure with respect to the 
W^'"^ capacity, then for every s ^ 0, 



sgnudyU ^ 0. 

{\u\>s} 

We have the following capacitary estimate in the spirit of propositon i A.4l 

Lemma 9.4. Let fi g M{fl). Ifu is the solution of the linear Dirichlet prob- 
lem with datum fi, then for every s > 0, 

C 

capvKi.2 {{\u\ > s}) ^ — 
for some constant C > depending on VL. 

Proof. We recall that for every v G Wq'^{Q) and for every s > 0, 



capiyi,2 {{\v\ > s}) ^ ^||t;| 



14/1 



Given K > 0. by the interpolation inequality flemmal4.7|l we have (u) G 

W^'^in) and 

1 1 

By the Poincare inequality, 

1 1 

\\T^{u)\\wi,2^^) ^ Ci\\DT^{u)\\l2^^) ^ CiK2\\fi\\l^^^y 

Thus, 

capv(,i,2 ({|T«(2)| > s}) ^ 

If /t ^ s, then 

{\T^{u)\>s} = {\u\>s}. 
Taking k = s, we deduce that 

C2 

capH/1.2 {{\u\ > s}) ^ — 

The proof of the lemma is complete. □ 

We refer the reader to 11911 theorem 1.2] for the counterpart of the above 
estimate for the heat operator involving parabolic capacities. 

Lemma 9.5. For every p, G M{^), p is a diffuse measure with respect to the 
W^'"^ capacity if and only if for every e > there exists (5 > such that if A c 
is a Borel set such that cap,4/i,2 (A) ^ 5, then \p\{A) ^ e. 
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Proof. We begin with the direct implication. If A C 0, is a Borel set 
such that cap (A) = 0, then for every e > 0, |/i|(^) ^ e. Thus, = 

and /u is a diffuse measure. 

For the reverse implication, we proceed by contradiction. Given a se- 
quence of positive numbers {an)neN converging to zero, suppose that there 
exist e > and a sequence {An)neN of Borel subsets of Q such that for every 
n e N, 

cap,4/i,2 (An) ^ On and /i(A„) > e. 

Let 

oo oo 

^ = n U An. 

j=On=j 

For every j G N, we have by monotonicity and by subadditivity of the 
capacity, 

oo °° °° 

Cap,yl,2 (A) ^ Capy(/1,2( IJ An) ^ ^ Cap^yl.2 (^n) ^ y^«n- 

n=j n=j 

oo 

Thus, if the series J2 '^n converges, then cap^i,2 (^4) = and i-i{A) ^ e. 

n=0 

This is a contradiction. □ 

The previous lemma still holds for the W^''^ capacity, with the same 
proof. 



Proof of proposition 19.11 Let {gn)n(^N be a sequence of bounded con- 
tinuous functions : M ^ M satisfying the sign condition and such that 
(S'n)nGN converges uniformly to g in bounded subsets of M. Since gn is 
bounded, by proposition l2.3l the Dirichlet problem 



-Au + gn{u) = fi in f], 
u = on do,, 



has a solution n„. 



Claim. For every s ^ 0, there exists Ci > such that for every Borel 
set E C ^ and for every n € N, 



j \gniun)\ < Ci\E\ + |//|({|n„| > s}). 



We postpone the proof of the claim and we conclude the proof of the 
proposition. By lemma l9!4l 

C2 

Capvyi,2 ({|m„| > s}) ^ — ll/i - gn{un)\\Min)- 

Thus, by the triangle inequality and by the absorption estimate (lemma [7!2)) , 

C3 

cap^i,2 {{\un\ > s}) ^ — ll^ll^(n)- 

This estimate combined with the claim imply that the sequence {gn{un))neN 
is equi-integrable. Indeed, for every e > 0, by the characterization of diffuse 
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measures (lemma I9.5D and by the capacitary estimate above, there exists 
s > such that for every n G N, 

For this given s > 0, take 6 > such that 

Then, for every Borel set E c Q such that \E\ ^ 6, we have 

j \9niUn)\ ^ ^ + I = ^• 
E 

By Stamapacchia's regularity theory (proposition I4.8D , there exists a 
subsequence {un^.)k(^m which converges in (fJ) and almost everywhere in 
to some function u. Since the sequence {grn.{urn.))nm is equi-integrable 
and converges almost everywhere to g{u), we conclude by Vitali's theorem 
that {gn^.{un^))n£f^ Converges to g{u) in L^{Q.). Therefore, u is a solution of 
the nonlinear Dirichlet problem with datum /i. 

It remains to establish the claim: 

Proof of the claim. For every Borel set E C ^ and for every s ^ 0, 



\gn{Un)\ ^ J \gn{Un)\+ J \gn{Un)\- 
E En{\un\!is} {\un\>s} 

Since the sequence (gn)neN is bounded in [—s, s], 

j \gn{Un)\ < Ci\E n {\Un\ S}\ ^ Ci\E\. 

-Bn{|«„|^s} 

By the corollary above applied to /U„ — gn{un), 



sgn Ung-n (Un) ^ J Sgll 2„ d/i„ . 

n 



Thus, by the sign condition, 

j \gniun)\ ^ j sgnundu ^ |//|({|n„| > s}). 

{\Un\>s} {\u„\>s} 

This establishes the claim. □ 
The proof of the proposition is complete. □ 

2. Necessary condition 

Proposition 19. II gives a large class of measures for which the nonlinear 
Dirichlet problem always has a solution regardless of the growth rate of the 
nonlinearity. One might wonder whether there are other measures which 
have such property. Brezis, Marcus and Ponce 11231 theorem 4.14] gave a 
negative answer to this question: 



108 9. DIFFUSE MEASURE DATA 

Proposition 9.6. Let fi e M{^1). If for every continuous nondecreasing 
function g -.R ^Rthe nonlinear Dirichlet problem with datum n has a solution, 
then the measure fi is diffuse with respect to the W^'"^ capacity. 

The proof of this proposition relies on the following result of de la Val- 
lee Poussin ||401 remark 23;|4lJ theoreme 11.22]: 

Lemma 9.7. For every f e L^{^), there exists a nonnegative nondecreasing 
continuous function h : [0, +oo) M such that h{0) = 0, 

lim = +00 

t—^+oo t 

and 

h{f) e L\n). 

In the proof of the proposition we also need the following elementary 
property of the Legendre transform: 

Lemma 9.8. Let h : [0,+cxd) Rbe a nonnegative continuous function 
such that h{0) = 0. If 

V hit) 

iim = +00, 

t^+oo t 

then the Legendre transform ofh defined for t G [0, +oo) by 

g{t) = sup {st — h{s)} 

is a nonnegative nondecreasing continuous function such that g{0) = 0. 

The Legendre transform is defined in such a way that it gives the small- 
est function (7 : [0, +cx3) ^ M which satisfies Young's inequality: for every 
s ^ and t ^ 0, 

st < h{s) + g{t). 

We also need the following identity of capacities due to Brezis, Marcus 
and Ponce [23, theorem 4.E.1]: 

Lemma 9.9. For every compact set K c ft, 
inf I J \Aip\ : ip e C^{n) and ip ^ 1 on K 

= 2inf I |Vv3p : f G C^{^) and (p ^ 1 on A'j. 
n 

The proof of this lemma relies on the observation that if uk is the min- 
imizer of the right-hand side in Wq ' (0) — uk is called the capacitary po- 
tential of K — , then for every < e < 1 the function 

has compact support in $7 and 
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Proof of proposition I9.6[ Assuming that g is nondecreasing and g{0) 
0, then g satisfies the sign condition. 

We first consider the case where ;U is a nonnegative measure. Then, by 
the comparison principle (corollary 17.91 1 we have u ^ 0. 

Let K c Qhe a compact set and let tp G C^{Q) be a nonnegative func- 
ton such that (/? ^ 1 in i^. If n is the solution of Dirichlet problem with 
nonlinearity g and datum fi, then since the measure /i is nonnegative, 

fi{K) ^ j ipdfi = - j uAip + j g{u)ip. 
n n n 

If cap;4/i,2(K) = 0, then by the property of equivalence of capacities 
(lemma [9^ there exists a sequence {ipn)nm of nonnegative functions in 
C^°°(0) such that 

(a) for every 77, € N, ^ 1 in K, 

(b) (Av3„)„gN converges to in (17), 

(c) (((5„)„6N converges too in Li(0), 

(d) for every n € N, ^ ^ 1 in 0. 

The third assumption follows from the linear elliptic estimate (proposi- 
tion |3.2| | and the fourth assertion can be achieved by a truncation argument 
Ii23. lemma 4.E. 11. 
For every n G N, 



Since the sequence {/S.Lpn)nm converges in there exist a subse- 

quence {/S.Lpnf.)km srid / e L^{Q) such that for every /c € N, 

and {/S.Lpn^)km converges almost everywhere in to its limit 0. 

If g is the Legendre transform of a function h : [0, +00) — > M, then for 
every s, i ^ 0, 

St < g{t) + h{s). 

Thus, 

|nA(^„J ^ \uf\i^g{u) + h{f). 

By the result of de la Vallee Poussin, there exists a nonnegative superlinear 
continuous function h : [0, +00) R such that /i(0) = and 

h{f) G L\^l). 

Take g to be the Legendre transform of /i in [0, +00). Since the sequence 
(A(/p„)„gN converges almost ever}rwhere to 0, by the dominated conver- 
gence theorem, 

lim / uA(j3„, = 0. 

n^co J " 

n 
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Since the sequence {(pn)n&N is bounded in L°°{Q) and converges to in 
L^(f2), by the dominated convergence theorem we have 



Hence, fJ,{K) ^ 0. Since the measure fi is nonnegative, fJ,{K) = for every 
compact set K C such that cap^yi,2 (K) = 0. This implies that /U is a 
diffuse measure. 

If ^ is a signed measure for which the nonlinear Dirichlet problem has 
a solution for every nondecreasing nonlinearity g, then using reduced mea- 
sures we show that both measures max {/i, 0} and min {^u, 0} have the same 
property (see corollary I10.17L whence they are diffuse measures with re- 
spect to the W^'"^ capacity and the conclusion follows. □ 

In view of proposition |9. 1 l and proposition |9.6[ a further question would 
be whether there exists some very large nonlinearity g for which the only 
good measures for the Dirichlet problem with this nonlinearity are the mea- 
sures which are diffuse with respect to the W^''^ capacity. Perhaps the pre- 
vious proposition holds because there is already one nonlinearity for which 
all the good measures are the diffuse measures. 

The author has showed that answer is negative 11961 theorem 1]: for 
every continuous nondecreasing function : M — > R, there exists a positive 
measure /U concentrated in a compact set of zero W^'"^ capacity such that fi 
is a good measure for the Dirichlet problem with this nonlinearity g. 

Another example of nonlinear Dirichlet problem in which diffuse mea- 
sures are the only good measures is 



This problem has been studied by Boccardo, Gallouet and Orsina 1113 1 : see 
also l|82l for further extensions. 
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Reduced measures 

We would like to understand the nonnexistence mechanism behind the 
nonlinear Dirichlet problem 

( —Au + g{u) = fi in fi, 
\ ti = on dQ. 

For this purpose, we study properties of the largest subsolution u* given 
by the Perron method. It turns out that the interesting tool is not the sub- 
solution u* itself but the reduced measure fi* G A^ioc(^) defined in terms 
of u* by 

H* = -Au* + g{u*). 

The fundamental property of the reduced measure (proposition I10.9D 
insures that fi* G M{i^) and /i* is the largest good measure of the Dirichlet 
problem which is less than or equal to the measure /i. 

1. Existence of the reduced measure 

We begin by giving the precise definition of the reduced measure: 

Definition 10.1. Let : M ^ M be a continuous function and let fx £ 
M.{Cl). If the largest subsolution u* of the nonlinear Dirichlet problem with 
datum fi exists, then the reduced measure fi* is the unique locally finite 
measure in fl such that 

H* = -Au* + g{u*) 
in the sense of distributions in Q. 

Since u* is a subsolution of the Dirichlet problem, 

fi* = -Au* + g{u*) ^ fi 

in the sense of distributions in $7. By the property of positive distributions 
(lemma r5.12|) , we have 

/i* G Mloc(^^)- 

This explains why fx*, which a priori is only a distribution, is indeed a mea- 
sure. 

We begin with a criterion that insures that the largest subsolution u* — 
and hence fi* — exists. 

Proposition 10.2. Let g -. R ^ Rbe a continuous function satisfying the 
sign condition and the integrability condition, and let fi G M{^). If the nonlinear 
Dirichlet problem with datum jj, has a subsolution, then the largest subsolution u* 
exists. 
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The proof is based on a uniform bound of the norm of the nonlinear 
term g{u) for subsolutions: 

Lemma 10.3. Let g -. M. ^ R be a continuous function satisfying the sign 
condition, and let fi e M{i^). 

(i) If u is a subsolution of the nonlinear Dirichlet problem, then 

||max{c/(n),0}||ii(Q) ^ ||max 0}||^(!^) . 

(a) Ifu is a supersolution of the nonlinear Dirichlet problem, then 

||min{c/(n),0}||ii(Q) ^ ||min {/i, 0}||^(q). 

In particular, if n is a solution of the nonlinear Dirichlet problem, then 
combining both estimates we recover the absorption estimate 

\\9{u)\\L->-{n) ^ \\i^\\m{Q)- 

Proof. We prove the first assertion. Note that u is also a subsolution 
of the nonlinear Dirichlet problem with datum = max {^u, 0}, 

-Au + g{u) ^ ^+ 

in the sense of {C^{Tl)y. 

Let ^ : [0, +oo) ^> M be a smooth bounded function. Given e > and 
given a nonnegative function ( € Cg°(r2), let : ^ M be defined by 

On the one hand, if <I>(0) = and if the function <I> is nonnegative, then 
V'e € Cq°{Q) and V'e ^ in fi. Thus, tp^ is an admissible test function and 
we have 



On the other hand, 

AV., = 1$'(0AC + ^$"0|VCP. 
Thus, if ^ is concave and nondecreasing, and if C is superharmonic in il, 

-AC > 0. 

Let us temporarily assume that the function u is nonnegative. In this 
case, we have 



whence 



n 

We take the function ^ so that 



lim = 1. 
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As we let e tend to 0, by the dominated convergence theorem we deduce 
that 



^ g{u) ^ j 

and the estimate follows. 

If the function u is not necessarily nonnegative then we may apply 
Kato's inequality in the spirit of proposition 15.61 and proposition 15.71 — or 
the general version given by proposition |5. 101 and corollary 15. 181 — and we 
deduce that 

-Au+ + X{u>o}9{u) ^ Ai+ 

in the sense of distributions in Q.. By the equivalence of formulations given 
by proposition l5.2l we deduce that 

-An+ + X{«>o}5H =^ Ai'^ 
in the sense of (C^(0))'. Proceeding as above, we deduce that 



j X{u>o}9{u) ^ j d^^ 



In view of the sign condition satisfied by g, X{«>o}5('") = {5'(^)i 0} 
the conclusion follows. □ 

It is interesting to compare the proof of lemma 110.31 with the proof of 
the absorption estimate for solutions of the nonlinear Dirichlet problem 
(lemma |7.2|| . 

In the case of solutions, we perform an approximation using the linear 
Dirichlet problem and the estimate follows from the fact that for nonde- 
creasing functions $ : M — > M, 



j \Vu\^^'{u) ^ 0. 



In the case of subsolutions, the counterpart of the approximation scheme 
is more subtle and requires the use of measure boundary traces. Instead, 
we use a family of test functions in the same spirit as in the study of the 
Dirichlet boundary condition (propositon |3.5l l converging pointwisely to 1 
as the parameter of the family tends to 0. In this case, we are implicitly 
using the fact that 

^ 0. 

There is an interpretation of this inequality using a formal application 
of the divergence theorem, 

J dn 

n dn 

Since u is a subsolution of a Dirichlet problem, u is nonpositive on the 
boundary, thus u+ vanishes on the boundary. Since u'^ is nonnegative, 
every point of is a minimum point of u^, so we should expect to have 
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^ on the boundary. This explanation can be made rigorous by con- 
sidering the normal derivative of u on 50 in the sense of measures |29|. 

We also need the following counterpart of the comparison principle 
(lemma [TiSll : the proof requires some minor modification. 

Lemma 10.4. Let g -. R ^ R be a continuous function satisfying the sign 
condition, and let fi e M{^1). 
(i) If u is a subsolution of the nonlinear Dirichlet problem with datum ^ and if 
V is a nonnegative supersolution of the linear Dirichlet problem with datum 
fi, then u ^ V in Q. 

{a) If u is a supersolution of the nonlinear Dirichlet problem with datum p. and 
ifv is a nonpositive subsolution of the linear Dirichlet problem with datum 
p, then u ^ V in 17. 

Proof of proposition 110. 2[ LetWhe the solution of the linear Dirich- 
let problem with datum p. lip ^ max {p, 0}, then by the comparison prin- 
ciple above, every subsolution u of the nonlinear Dirichlet problem satis- 
fies u i^w. By the Perron method (proposition I6.2D , there exists a function 
u* G L^{n) such that 
(a) n* ^ u; in 0, 

(6) for every subsolution v of the nonlinear Dirichlet problem, i; ^ u* in 
(c) there exists a nondecreasing sequence of subsolutions of the 

nonlinear Dirichlet problem such that for every n € N, ^ It; in Q, 

and {un)nm converges to u* in L^{Q,). 

We now write 

g{un) = max {g{un), 0} + min {g{un),0}. 

By the absorption estimate (lemma [10.3D , the sequence (max {g{un), 0})neN 
is bounded in L^{Q). Thus, by Fatou's lemma, 

max{g(u*),0} G L\n). 

By the sign condition, 

mm{g{u*),0} = g{X{u'<o}'^*)- 

Since 

X{u*<o}Uo ^ X{«*<o}^^* ^ 

and since g{X{iio<o}'^o) G L^{^) and g{0) G by the integrability con- 

dition we have 

min {g{u*), 0} = gix{u*<o}U*) G L\n). 

We deduce that g{u*) G L^{n). 

Since the sequence (n„)„gN is monotone and the integrability condition 
holds, we deduce from corollary 16.101 that the sequence {g{un))neN con- 
verges to g{u*) in (il). Thus, u* is a subsolution of the nonlinear Dirichlet 
problem with datum p, whence it is the largest one. □ 

The integrability condition in proposition 110.21 is unnecessary when p 
has a nonnegative subsolution since the sequence {un)n£N can be chosen to 
be nonnegative as well. In view of the sign condition and Fatou's lemma. 
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we deduce that u* is still a subsolution of the Dirichlet problem. We may 
summarize this as 

Proposition 10.5. Let g M. ^ Rbe a continuous function satisfying the 
sign condition, and let G M{Q.). If the nonlinear Dirichlet problem with datum 
/i has a nonnegative subsolution, then the largest subsolution u* exists. 

We may also define a reduced measure in terms of the smallest super- 
solution: 

Definition 10.6. Let 5- : M M be a continuous function and let € 
M{Q). If the smallest supersolution of the nonlinear Dirichlet problem 
with datum exists, then the reduced measure /i* is the unique locally 
finite measure in Q, such that 

/i* = — Ati* + fif(n*) 

in the sense of distributions in Q,. 

We have the following counterparts for the existence of the smallest 
supersolution: 

Proposition 10.7. Let g -. R ^ R be a continuous function satisfying 
the sign condition and the integrability condition, and let fi e If the 

nonlinear Dirichlet problem with datum ^ has a supersolution, then the smallest 
supersolution exists. 

Proposition 10.8. Let g -.R ^ Rbe a continuous function satisfying the 
sign condition, and let fi G M.{^). If the Dirichlet problem with datum p, has a 
nonpositive supersolution, then the smallest supersolution exists. 

2. Fundamental property 

In this section we prove the main property satisfied by the reduced 
measure: 

Proposition 10.9. Let g -. R ^ R be a continuous function satisfying 
the sign condition and the integrability condition. For every G M{^), if the 
nonlinear Dirichlet problem with datum p has a subsolution, then p* G M{Vl) 
and p* is the largest good measure which is less than or equal to p. 

A good measure is a measure for which the nonlinear Dirichlet problem 
has a solution. 

Our proof of the proposition relies on an approximation scheme intro- 
duced by Brezis, Marcus and Ponce [23J which was used to prove the ex- 
istence of the largest subsolution. In our case, the existence of the largest 
solution is obtained from the Perron method, without solving an auxiliary 
Dirichlet problem. 

Starting from a sequence ((7n)neN of bounded real functions converging 
to the nonlinearity g, we solve the Dirichlet problem with nonlinearity gn. 
If {un)nm converges in L^(il) to a function u, then in general {gn{un))neN 
does not converge to g{u) in L^{Q,). Indeed, the convergence in of 
the nonlinear part implies that w is a solution of the nonlinear Dirichlet 
problem with datum p, and by the counterexample of Benilan and Brezis 
(proposition |3.8l l this cannot be always the case. 
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The delicate part of the proof is to identify the limit of the sequence 
{gn{un))n£N- In Order to do this, we combine ideas from Il28l lemma 3:[7ll 
lemma 9.1;[S1 lemma 3.1]. 

The heart of the matter is to find a sequence {An)neN of Borel subsets of 
O such that if we write 

gn{Un) = gn{Un)XA„ + (m„)XQ\A„ , 

then the sequence {gn{un)XAn)nm converges to g{u) in L^{Vl) and the se- 
quence {gn{un)XQ.\An)n&i converges weakly in the sense of measures to a 
measure 7 which is concentrated on a set of zero VF^'^ capacity. 

This type of decomposition is reminiscent of the biting lemma discov- 
ered independently by Chacon and Rosenthal [31J- According to the bit- 
ing lemma, it is always possible to decompose a sequence {fn)nm of 
functions in terms of two sequences: the first one is equi-integrable with 
respect to the Lebesgue measure and the second one concentrates on sets 
with Lebesgue measure converging to zero; we may replace the Lebesgue 
measure by some subadditive set function, in particular a capacity. Con- 
nections of the biting lemma with the equation we study have been inves- 
tigated in 11721 . 

The first lemma relies on a diagonalization argument: 

Lemma 10.10. Let {fn)n<m ^ sequence in L^(yi) converging pointwisely 
to f ^ L^{Q). If {Ak)ken is a sequence of Borel sets such that for every G N, 
the sequence {fnXAk)neN converges to fxA^ in L^{^) and if lim jJl \ = 0, 

fc— >oo 

then there exists a sequence {kn)nen in N diverging to +00 such that the sequence 
UnXAkJnm converges to f in L^{n). 

Proof. For every n G N and for every G N, 

WfnXAk - fWL^n) ^ WfnXAk " fXAk\\L^(n) + \\ f Xn\Aj\ (Q) ■ 

Given a sequence (ej)jgN of positive numbers, for every i G N there exists 
A^j G N such that for every Ni, 

WfnXAi - fXAi\\L^{n) ^ Cj- 

We may assume that the sequence {Ni)i^^ is increasing. We define the se- 
quence {kn)nm follows. If n < Nq, then kn = ^- U Ni ^ n < A^i+i, then 
kn = i- Thus, for every n ^ Nq, 

and this implies 

\\fnXAk„ - f\\L^{n) ^ efc„ + ll/Xf7\Afe„ llLl(f7)• 
By the dominated convergence theorem, the last term in the right-hand 
side converges to zero as n tends to infinity. Choosing a sequence (ej)jgN 
converging to zero, the conclusion follows. □ 

Given a compact set K C 0., we consider the minimization problem 

inf I j |Vnp : u G W(}'^(J^) and n ^ 1 on 
n 
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This obstacle problem has a unique solution uk called the capacitary po- 
tential generated by K. The capacitary potential is superharmonic in 17, 
is harmonic in S7 \ K and is continuous in II32I . Thus, uk satisfies the 
Dirichlet problem 

-Aii/^ = Uk in $7, 
UK = on (90, 

where Vk G M.{^) is a nonnegative measure supported on K. Moreover, 

^ ^ 1 

in 17 and 

lki^lliyi.2(n) ^ C capvi/1,2 {K). 
The next tool is inspired from 11271 lemma 3]: 

SUBLEMMA 10.11. Let /i, G M.{^1) he nonnegative measures such that for 
every superharmonic function ( G Cq°{^1), 

Cdi/ ^ / Cd/i. 



Let S C M fee a compact set and let uj C M be fln open se^ such that S C uj C ^. 
Then, for every e > 0, there exists 5 > Q independent ofu such that for every Borel 
set A c i}\co, z/cap^i,2 (A) ^ 5, then 

Proof. We shall assume that the inequality 



Cdi/ ^ / Cdz^ 



holds for every continuous superharmonic function (; this property can be 
achieved by approximation of C- 

For every compact set K c $7, the capacitary potential of K satisfies 
Uk ^ in 17 and uk = 1 in K. Hence, 

I'iK) ^ J Uk du. 
n 

Since fi = fid + fJ-c arid uk ^ 1 in 17, 

JuKdfl!^ J UK dfld + j UK dflc + f^ci^\S). 



Therefore, 



'(K) ^ J UKdfJ-d + J UKdi^ic + Hci^\S). 



Claim 1. Given ei > 0, there exists 6i > such that for every compact 
setK c 17, if ||vi/i'2(f7) ^ 5i,then 

UK d/id ei • 



n 
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Proof of the claim. By corollary [7.191 there exists 5i > such that 
for every ip € C^(0) such that ||'/'||L°°(r2) ^ 1 and ||</'||vi/1'2(q) ^ Si, 



1 2 

Since ^ uk ^ 1 in 17, by approximation of uk in Wq ' ($7) by functions in 
C^{Q), we deduce that if 1^1,2(5^) ^ 5i, then uk satisfies the required 
property. □ 

Claim 2. Given £2 > 0, there exists 82 > such that for every compact 

set K C Q\oj, if capi4/i,2 (K) ^ 82, then 



Proof of the claim. Since uk is harmonic in uj, by the mean value 
property for harmonic functions, for every x ^ S, 

Uk{x) ^ Ci\\uk\\l^{u), 

for some constant Ci > depending on the distance d{S, doj). Thus, 

Uft-d/ic ^ Ci\\uk\\l^(^)^^c{S) ^ C2\\uK\\w^,■i(Q,)^lc{S) ■ 



I' 



s 

We have the conclusion by taking 82 > ^ such that C252/Wc(5') ^ £2- D 
Since 

lkK||vi/i.2(f7) ^ C cap^yi,2 {K), 

we deduce that if 5 > is such that C5 ^ min {5i, 82}, then for every com- 
pact sei K <Z ^\uj such that capj4/i,2 (i^) ^ (5, 

^ei + e2 + ^c(J^\S). 

Choosing ei + e2 < e, the conclusion follows for compact sets. Using the 
regularity of the W^''^ capacity and the regularity of the measure v, we also 
have the estimate for open sets and for Borel sets. □ 

Lemma 10.12. Let /i g M.{VL) he a nonnegative measure and let {un)n&n 
a sequence of measures such that for every superharmonic function ( G Cq°{^), 



If{En)neN 2S a sequence of Borel subsets ofQ. such that 

lim capwi,2 {En) = 

n— >oo 

and if the sequence {vnYEn)n&n converges weakly in the sense of measures to 7, 
then 7 is a concentrated measure and 
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Proof. Let a; C be an open set. By lower semicontinuity of the norm, 

l7l(^\^) = \h\\M{n\zj) ^ liminf ||z^„[£;„||_A4(t^\jj). 
We may rewrite 

lkn.L£;„ ||x(n\w) = ^n{En \uJ). 

Let S C be a compact set. Given e > 0, let 5 > satisfying the 
conclusion of the sublemma. If cap^yi,2 (£"„) ^ S, then capy(/i,2 {En \uJ)^S 
and this implies 

\WnlEjM(n\iJ) =Vn{En\'^) ^ € + ^lc{^\S). 

Thus, 

|7|(J7\lJ) ^e + ^i,{Vl\S). 
Since this inequality holds for every e > 0, 

\^m\iI:)<,^l,{VL\S). 

This inequality holds for every open set oj containing S. Taking the supre- 
mum over the sets u, by outer regularity of the measure I7I we have 

\^\{n\s)<,^l,{^\s). 

This inequality holds for every compact set S d Q.. Given an open set 

j4 c 0, let {Sn)n&i be a nondecreasing sequence of compact sets such that 

00 00 
Q,\A= U Sn, or equivalently, A= P| (il \ S^). Since the inequality above 

n=0 n=0 

holds for each compact set Sn, we deduce that 

\lU)^^lM)■ 

Thus, I7I ^ ^c- Since I7I is a nonnegative measure, this implies that I7I is a 
concentrated measure. □ 

Proof of proposition 110.91 Let {gn)n<m be the sequence of real func- 
tions defined for n G N by 

Qn = min{5,n}. 

This sequence has the following properties that we need in the proof: 

(a) for every n € N, 5„ is continuous and satisfies the sign condition and 

the integrability condition, 
(6) for every n € N, gn^s bounded from above, 

(c) {gn)n<m is nondecreasing and converges uniformly to g on bounded 
subsets of R. 

Since the Dirichlet problem with nonlinearity g has a subsolution and 
since g-n ^ g, w is also a subsolution of the Dirichlet problem with nonlin- 
earity gn- Given JI G M{fl), let w he the solution of the linear Dirichlet 
problem 

—Aw = /i"*" in ri, 
w = on dQ. 
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If /X ^ max {fi, 0}, then by the comparison principle (lemma |10.4| | every 
subsolution of the Dirichlet problem 

-Au + gniu) = fi in f], 
u = on do,, 

is bounded from above by w. In particular. 

Since gn satisfies the integrability condition, by the Perron method and the 
method of sub and supersolutions (corollary ll0.19L the largest subsolution 
Un of the Dirichlet problem with nonlinearity gn and datum fi exists and u„ 
is actually a solution of the Dirichlet problem. 

The sequence (u„)ngN is nonincreasing. Indeed, for every n € N, (?„+i ^ 
gn and this implies that Un+i is a subsolution of the Dirichlet problem with 
nonlinearity g-n- By maximality of u„, we deduce that 

Un+l ^ Un- 

Since for every n £ N, Un ^ w, by the monotone convergence theorem 
we deduce that the sequence {un)neN converges in L'^{Q) to its pointwise 
limit u. Moreover, for every ( G C^{Q,), 

Jirn^ j gn{un)C = j uAC + j (dfl, 
n n n 

in particular the limit exists. Since, by the absorption estimate (lemma [Z2ll 
the sequence {gn{un))nm is bounded in ($7), we deduce that the sequence 
ign{un))nm converges weakly in the sense of measures in S7. 

The claim below shows that the limit of {gn{un))n£N has a special form: 

Claim. The sequence {gniun))n&N converges weakly in the sense of 
measures to g{u) + 7, where 7 is a measure concentrated on a set of W^'^ 
capacity zero. 

We postpone the proof of the claim. We show how the claim can be 
used in order to get the conclusion of the proposition. 

Note that if t> is a subsolution of the Dirichlet problem with nonlinearity 
g, then 

V ^ u. 

Indeed, since gn ^ g, v is a subsolution of the Dirichlet problem with non- 
linearity gn- By the maximality of Un, we have for every n G N, v ^ u„. 
Passing to the limit, we deduce that v ^ u. In particular, the largest subso- 
lution u* of the Dirichlet problem with nonlinearity g satisfies 

u ^ u. 

We now show that if 1/ is a good measure such that ^ /i, then 

1/^^ — 7. 

First of all, since the measure 7 is concentrated in a set of zero capacity, 

I'd ^ /^M = - 7)d- 
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Denote hy v a solution of the Dirichlet problem with datum u. In particular, 
V isa subsolution of the Dirichlet problem with datum fi, whence v ^ u. By 
the claim, u satisfies 

—Au + g{u) = fi — J 

in the sense of distributions in $7. By the inverse maximum principle (propo- 
sition |5]15), 

i^c^ {fJ-- 7)c- 

We deduce that 

1/ = i/d + z^c ^ (/^ - 7)d + (/" - 7)c = - 7- 
Similarly, one shows that the reduced measure /x* satisfies 

We now show that jj.* is a finite measure — up to this point we only 
know that /i* is a locally finite measure — and for every good measure v 
such that u ^ fi, we have 

We shall do this by showing that the Dirichlet problem with nonlinearity g 
and datum max {//*, u} has a solution. 

We first observe that the measure max {^u*, u} is finite since 

v ^ max {yLi* , I/} ^ /i 

and both measures v and ^ are finite. We also observe that 

fi* ^ maxjyLi*, I/} ^ /.i — 7. 

Thus, u* is a subsolution of the Dirichlet problem with datum max {fi*, u} 
and li is a supersolution of the same problem. Since u* ^ u in Q, by the 
method of sub and supersolutions (proposition 16. 7|) there exists a solution 
u of the Dirichlet problem with datum max {fi*, u} such that u* ^ u ^ u. 

Since max {/i*, u} ^ fi, u is a subsolution of the Dirichlet problem with 
datum fi and since u* is the largest subsolution, u ^ almost everywhere 
in 17. Thus, u = u*. We conclude that 

H* = max {/i*, v}. 

Therefore, fi* is a finite measure and z/ ^ /i*. 
It remains to establish the claim: 

Proof of the claim. Let w be the solution of the Dirichlet problem 

r —Aw = in Q, 
\ w = on dU. 

For every n G N, by the comparison principle (lemma [TiSll , ^ w. For 
every s > 0, since the sequence {gn)nm is uniformly bounded in [—s, s], 
the sequence {gn{un)X{w!^s})nm is bounded in L°°{i}). By the dominated 
convergence theorem, {gn{un)x{w^s})nm converges to g{u)x{w^s} in L'^{^). 

By lemma lTO.lOl there exists a subsequence of positive numbers (s„)„gN 
diverging to +cxd such that {gn{un)X{w^s„})nGN converges to g{u) in L'^{n). 

Note that 

gn{Un) = gn{Un)X{wiis„} + 9n{Un)X{w>s,^} , 
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We now show that the sequence {gn{un)x{w>s„})n£N satisfies the assump- 
tions of lemma 110.121 

By the capacitary estimate (lemma I9.4L for every s > 0, 

C 

capH/1,2 {{w > s}) ^ — 

Thus, 

lim capu/1,2 ({w > s„}) = 0. 

71— >00 

By Kato's inequality up to the boundary we have for every C £ Cq°{Q) 
such that ( ^ in U, 



in\M + j\9n{Un)\C ^ J Cd\fl\. 



n n n 

If in addition ( is superharmonic in Q,, then we have 



\gn{Un)\C^ J Cd|/i|. 

n n 

In particular, 

J \9n{Un)\X{w>s„}C ^ j Cd|/^|. 

Thus, by lemma [TO. 121 the sequence {gn{un)X{w>sn})n&i converges weakly 
in the sense of measures to a measure 7 which is concentrated in a set of 
W^'"^ capacity zero. □ 

The proof of the proposition is complete. □ 

When a nonnegative subsolution exists, we may drop the integrability 
condition and the proof of the fundamental property is shorter: 

Proposition 10.13. Let g ^ Rhe a continuous function satisfying 
the sign condition. For every fi G M{fl), if the nonlinear Dirichlet problem with 
datum fi has a nonnegative subsolution, then //* e M.{Vt) and fj,* is the largest 
good measure which is less than or equal to fi. 

Proof. We recall that the largest solution of the Dirichlet problem with 
a nonlinearity satisfying the sign condition exists if there exists a nonneg- 
ative subsolution (propostion 110.51 1. This guarantees the existence of the 
functions ti„ in the proof of proposition |10.2| and each n„ is nonnegative. 

Next, the limit u of the sequence (n.„)„gN is a nonnegative solution of 
the Dirichlet problem with datum 11 — ^. By the Perron method (proposi- 
tion I10.5L the largest subsolution u of the Dirichlet problem with datum 
/X — 7 exists. 

By the sign condition, {gn{un))n&] is a sequence of nonnegative func- 
tions, thus the concentrated measure 7 is nonnegative. In particular, u is a 
subsolution of the nonlinear Dirichlet problem with datum ^l. By maximal- 
ity of u*, 

n < u . 
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On the other hand, in the proof of proposition |10.9| we show that u* ^ u. 
Thus, 

u* ^ u ^u. 

We conclude that 

/i* = - 7 

and this implies that fi* is a finite measure. In the proof of proposition ll0.9l 
we also show that every good measure u which is less than or equal to fi 
satisfies v ^ fi — whence 

^ H — J = H* . 

This proves the proposition. □ 

We state the following counterparts of the fundamental property in the 
case of supersolutions and the reduced measure /U*. 

Proposition 10.14. Let g : R ^ Rbe a continuous function satisfying 
the sign condition and the integrability condition. For every fi G A^(fi), if the 
nonlinear Dirichlet problem with datum fi has a super solution, then G M{VL) 
and /i* is the smallest good measure which is greater than or equal to fi. 

Proposition 10.15. Let g -. R ^ Rbe a continuous function satisfying 
the sign condition. For every fi G M{fl), if the nonlinear Dirichlet problem with 
datum n has a nonpositive supersolution, then ^ M. (fi) and p.^ is the smallest 
good measure which is greater than or equal to p. 

3. Consequences 

We present some applications of the fundamental property of the re- 
duced measures in the study of the nonlinear Dirichlet problem. Many of 
the results in this section extend l|23l , but the the proofs based on the fun- 
damental property are fundamentally the same. 

We start with one of the most puzzling properties of the nonlinear 
Dirichlet problem with sign condition. \{ p G A^(r2) is a nonnegative 
measure, then the function identically zero is a subsolution of the Dirichlet 
problem with datum p. By the Perron method, the largest subsolution u* 
of this problem exists, in particular u^O, but we do not have a direct proof 
that 

-An* + g{u*) ^ 

in the sense of distributions in Q.. The only proof we know relies on the 
fundamental property of reduced measures: 

Corollary 10.16. Let g -.R ^Rbe a continuous function satisfying the 
sign condition. If p e M{fl) is a nonnegative measure, then p* is a nonnegative 
measure. 

Proof. By the sign condition, the null measure is a good measure 
and, by assumption, is less than or equal to p, by the fundamental property 
(proposition llO.lSI I, ^ □ 

Another property which is closely related is the following: 
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Corollary 10.17. Let g -. R ^ Rbe a continuous function satisfying the 
sign condition. If i-i ^ M{^) is a good measure, then max{/i, 0} and min {/i, 0} 
are also good measures. 

Proof. We show that fi~^ = max{/x,0} is a good measure. Since the 
function identically is a subsolution of the Dirichlet problem with datum 

by the Perron method (proposition I10.5D the reduced measure (/x^)* 
exists. Since the null measure and the measure fi are good measures less 
than or equal to fi^, by the fundamental property (proposition |10.13l l we 
have 

^ (//+)* and (//+)*. 

Thus, 

= max{0, ;u} ^ (/ti"*")*- 
Therefore, (/i"*")* = which means that fi^ = max {0, f-i} is a good mea- 
sure. The proof that min {0, f-i} is a good measure is similar. □ 

We have the following connection with the existence of extremal solu- 
tions: 

Corollary 10.18. Let g -. M. —?■ Mbe a continuous function satisfying the 
sign condition and the integrability condition. IF fx G A4(J7) is a good measure, 
then the nonlinear Dirichlet problem with datum fj, has a smallest and a largest 
solution. 

Proof. If the nonlinear Dirichlet problem with datum fi has a solu- 
tion, then by the Perron method (proposition ll0.2l and proposition llO.ZD the 
largest subsolution u* and the smallest supersolution exist. In particular, 
for every solution u, 

M* ^ U ^ U*. 

By the fundamental property (proposition |10.9l and proposition |10.14L fi* = 
/i and /i* = fi. Thus, u* and satisfy the nonlinear Dirichlet problem with 
datum /i and this gives the conclusion. □ 

We have the following cormection with the method of sub and super- 
solution: 

Corollary 10.19. Let g -. M. M. be a continuous function satisfying 
the sign condition and the integrability condition. For every /i G M{i^), if the 
nonlinear Dirichlet problem with datum ji has a subsolution and a supersolution, 
then there exists a solution. 

The main issue in this statement is the fact that we do not assume that 
the subsolution u and the supersolution v satisfy ^ U in il. The proof con- 
sists in showing that there exists a supersolution v for which this inequality 
holds. 

Proof. By the Perron method (proposition ll0.5|) , the reduced measure 
H^: exists and satisfies 

/i < 

Every subsolution of the Dirichlet problem with datum /i is a subsolution 
of the Dirichlet problem with datum ^l^. By the Perron method (proposi- 
tion [10]2]|, there exists a largest subsolution u of the Dirichlet problem with 
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datum /^i*. Since /^i* is a good measure, by the fundamental property (propo- 
sition [I0!9l), li is a solution of the Dirichlet problem with datum fi^. Thus, 
It is a supersolution of the Dirichlet problem with datum fi^. On the other 
hand, by maximality of u, for any subsolution v of the Dirichlet problem 
with datum fj,, 

We deduce from the method of sub and supersolution (proposition |6.7D that 
the Dirichlet problem with measure fi has a solution, whence /x is a good 
measure. □ 

Under the assumptions of the previous corollary, the reduced measures 
coincide fi^ = fi* = fi, u* is the largest solution and u* is the smallest 
solution of the Dirichlet problem with datum fi. 

Corollary II 0. 1 71 has the following generalization: 

Corollary 10.20. Let g M. ^ M.be a continuous function satisfying the 
sign condition and the integrability condition. If i^ii, . . . , fin € A4($7) are good 
measures, then max {fii, . . . , fin} md min {fii, . . . , fin} are also good measures. 

Proof. For every i G {!,..., n}, fii is a good measure smaller than or 
equal to max {/ii, . . . , fin}. Thus, by the Perron method (proposition I10.2D 
the measure (max {fii, . . . , fin})* exists and, by the fundamental property 
(proposition ll0.9L satisfies 

fii ^ (max {/xi,..., 

Hence, 

max {fti, ftn} ^ (max {^i, . . . , fin})* 

and equality holds. The proof that min {fii, . . . , fin} is a good measure is 
similar. □ 

Corollary 10.21. Let g -. M. ^ M.be a continuous function satisfying the 
sign condition and the integrability condition, and let fi € M.{^1). If there exists 
h e (0) such that h + fiisa good measure, then fi is a good measure. 

Proof. Let 

A = max {/ia; h} + max {//s, 0} 

and 

A = min {fi^., h} + min {/ig, 0}, 

where fig, denotes the absolutely continuous part of the measure fi with 
respect to the Lebesgue measure and fi^ the singular part. Then, 

A ^ ^ ^ A. 

Note that 

h + fi ^ X and /la ^ A. 

By assumption, h + fi is a good measure and ha, is also a good measure; see 
proposition |9.1| or proposition |3.7| By the Perron method (proposition |10.2|) , 
the largest subsolution u of the Dirichlet problem with datum A exists. By 
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the fundamental property (proposition |10.9L the reduced measure (A)* sat- 
isfies 

A = max {h + /i, ^Ua} ^ (^)*- 
We deduce that A = (A)*, which implies that u is a solution of the Dirichlet 
problem with datum A. 

Similarly, the Dirichlet problem with datum A has a solution u. Since u 
is a subsolution of the Dirichlet problem with datum A, by maximality of u 
we have 

By the method of sub and supersolution (proposition l6.7|) , we have the con- 
clusion. □ 

It is also possible to obtain the following functional characterization of 
good measures in the spirit of Il6l[54l: 

Corollary 10.22. Let g M. —?' M. be a continuous function satisfying 
the sign condition and the integrability condition. For every fi G M{il), is a 
good measure if and only if there exist f G Ll^^{il) and u G L\^^{VL) such that 
g{u) G L^ci^) and 

IJ, = f - Au 

in the sense of distributions in $7. 

A delicate issue in this characterization is that we have no control on 
/ and u near the boundary. Once we know that is a good measure, then 
such decomposition holds with u G Wq ' ($7) and / = g{u). 

For nondecreasing nonlinearities, this result is due to Brezis, Marcus 
and Ponce 123. theorem 4.6]. The strategy of the proof relies on the study 
of the problem satisfied by ipu, where (/? is a smooth function with compact 
support. 

Proof. For every ip G C^(17) such that ^ (/? ^ 1, 

min{/i, 0} ^ ^pf-i ^ max{;U,0}. 

Claim. For every ip g C^(0) such that ^ ^ 1 in 0, is a good 
measure. 

We temporarily assume the claim. Since for every ip G C^{Q) such that 
O^ip^l, 

min {/i, 0} ^ ipfi ^ max {fi, 0}, 

and since ipfi is a good measure, by the Perron method (proposition 110.21 
and proposition |10.7D , the reduced measures (min 0})* and (max {fi, 0})* 
exist and by the fundamental property (proposition |10.9| and proposition |10.14L 

(min{;U,0})* ^ p>f-i ^ (max {/i, 0})*. 

Since the function ip is arbitrary, this implies 

(min{/i, 0})* ^ min{/i,0} and max{;U,0} ^ (max {^u, 0})*. 

Therefore, equality must hold in both cases. Using the method of sub and 
supersolutions (proposition |6. 7|) , we deduce that /i is a good measure. 
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Proof of the claim. By the localization property (lemma |531l, ipu £ 
W^'^in) and for every ip G C^{n), 

(pfj, = iff — ipAu = {iff + Aifu + 2Vip ■ Vii) — A{ipu). 

If in addition ^ ip ^ 1, then 



hence by the integrability condition we have ^(yjn) e L^(il). Thus, —A 
g{ipu) is a good measure. Since 

iff + Aipu + 2Vip ■ Vu - g{ipu) G L^{Vl), 



Corollary 10.23. Let (7 : M ^> M fee a continuous function satisfying the 
sign condition and the integrability condition, and let fi G If there exists a 

monotone sequence {fin)neN of good measures converging strongly to fi in M{fl), 
then fi is a good measure. 

Proof. For every n G N, ^„ is a good measure less than or equal to 
/i. By the Perron method (proposition |10.2] |, the reduced measure //* exists 
and by the fundamental property (proposition |10.9L we have 

As we let n tend to infinity, we deduce that /U ^ /^*. Thus, equality holds 
and /U is a good measure. □ 

It is possible to give a direct proof of the previous corollary — without 
using the reduced measure — if we know that the sequence of solutions 
{un)nm is nondecreasing. In this case, the conclusion follows from the ab- 
sorption estimate and corollary 16.101 This is the strategy we have adopted 
to study the Dirichlet problem with polynomial and exponential nonlinear- 
ities. 

Corollary 10.24. Let (7 : M ^> M fee a continuous function satisfying the 
sign condition and the integrability condition, and let fi G If there exists a 

sequence {fin)neN of good measures converging strongly to fi in M{^), then fj, is 
a good measure. 

In this corollary, the sequence {pin)nm need not be monotone. When 
the nonlinearity g is nondecreasing, this property may be deduced from the 
contraction property of the Dirichlet problem (see proof of proposition |3.7| |. 

Proof. Since the sequence (/in)nGN converges in M{Vl), there exists a 
subsequence {iJink)k&n such that the series 



fc=0 

converges. For this subsequence, there exist A, A G M{Vl) such that for 
every G N, 



min {li, 0} ^ ipu ^ max {u, 0} 



by the previous corollary ip^x is a good measure. 
This concludes the proof of the corollary. 



□ 



□ 



00 




A ^ link < 
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the existence of A and A follows by mimicking the proof of 11181 theorem 4.9] 
for functions. 

By the Perron method (proposition 110.21 and proposition |10.7|) , the re- 
duced measures A^ and A exist. Thus, by the fundamental property (propo- 
sition [102] and proposition ll0.14l) , 

A* ^ /^nfc A*. 

As k tends to infinity, we get 

A, ^ ^ ^ A*. 

Since A^ and A* are good measures, by corollary llO.181 ^ is also a good mea- 
sure. □ 



APPENDIX A 



Sobolev capacity 

Let /c G N* and let 1 ^ p < +00. Given a compact set K c R^, the W'^'P 
capacity of K is defined as 

capwk,P {K) = inf : € C~(]R^) and ^ 1 in A'}. 

We may extend the capacity to any subset A c as follows. If A is open, 
let 

capyi/fc.p {A) = sup I cap^fc,p(K) : C is compact and K C a|, 
and more generally, 

capp^fe.p (^) = inf I capi4/fc,p(C/) : C/ C is open and ^ C J/j. 

1. Pointwise convergence 

If capyi/fe,p(A) = 0, then A is negligible with respect to the Lebesgue 
measure m R^. In this sense, the W^'^ capacity gives a finer information 
concerning pointwise convergence in 1^''"'^(M''^): 

Proposition A.l. Let A; e N* and l < p < +00, and let {ipn)n&i be a 
sequence in C^(R^). If {(pn)n& converges in Ty'^'P(M^), then there exists a 
subsequence (v^nJieN converging pointwisely in \ E for some Borel set E c 

such that c^Vw^-v (E) = 0. 

The proof is based on the following properties of the capacity: 

Proposition A.2. Let A; g N* and l ^ p < +00. For every A,B c R^ 
such that A c B, 

capy^/k.p (A) ^ capv^'fc.p (B). 

Proposition A.3. Let k e N^. If l < p < +00, then for every sequence 
{An)nm of subsets o/R^, 

cap^rk,p ( U An) ^ C^Jcap^fc.p (An), 

"=0 n=0 

for some constant C > depending on N, k and p. 

Proposition A.4. Let /c g N*. I/l < p < 00, then for every (p G C^(R^) 
and for every a > 0, 

C 

CaVwk,v ({Iv?! ^ a}) ^ -^\W\\wk.p(^^Ny 

for some constant C > depending on N, k and p. 
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The set function cap^/t.p we have defined does not seem to be a true 
capacity in the sense of Choquet 1133 1 since we do not know whether it is 
subadditive, or equivalently whether the conclusion of proposition above 



holds with constant C = 1. This is so when k = 1 and 1 ^ p < +oo 111081 
theoreme 26.2] but it is unlikely to be the case when k ^ 2 since the constant 
should depend on the norm we choose to compute \D^u\ pointwisely. 

The capacitary estimate of proposition IA.4I would be a trivial conse- 
quence of the definition of the capacity if we could take the function \(p\/a 
as test function. If A; = 1, this is almost true since \ip\ € W^'P{M.'^) and by a 
convolution argument we have the estimate with C = 1. This argument is 
no longer possible for k ^ 2 since it need not be true that \(p\ G W^'''^{M.^). 

The proofs of proposition [A3] and lA!4l are based on the following lemma: 

Lemma A.5. Let k e N*. If 1 < p < +oo, then for every Lpi,. . . ,ipi e 
C^°°(M^), there exists ^ G C^iM.^) such that 

max {931, . . . ,V9£} ^ V 

and 

for some constant C > depending on N, k and p. 

Proof. Let Gk be the Bessel potential in R^, that is to say, Gfc : ^ M 
is a positive function whose Fourier transform is given by 

Gfe(0 = (l + 4vr2||xf)-f. 

The Bessel potential establishes an isomorphism between LP(]R^) and W'^'^{] 
for each ie {!,...,£}, there exists fi € L^iR^) such that 

= Gk* fi 

and 

see IITOll theorem V.31. 
Let 

/i = max{/i,...,/4. 
Then, for every i € {1, ...,£},(/?« ^ Gfc * /i, whence 

max{((3i,...,99£} ^Gk*h. 

Moreover, 



j=l^w j=l 



If Gk * h G C^(M ), then we are done. If this is not the case, then we 
may apply an approximation argument as follows. First of all, note that h 
does not coincide with any of the functions fi. Thus, for every x G we 
have 

max{v3i(a;), . . . ,^pe{x)} <Gk* h{x). 
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For every i € {!,...,£}, the function /j has fast decay at infinity, hence h 
also has fast decay at infinity. In particular, * his continuous in M^. We 
may take the function i/j of the form 

^=[Pe* {Gk * h)]C, 

e 

where e > is such that for every x £ [j supp (fi 

i=l 

max {((51 (x), . . .,ipi{x)} ^ pe* (Gk * h) 
and C G (M^) is such that C = 1 on |J supp (/jj and for some given a > I, 

i=l 

\\[pe * (Gk * h)]C\\y^rk,p(^^N) ^ a\\pe * {Gk * 

Thus, 

This gives the estimate we sought. □ 

Proof of proposition IA. 31 We prove the proposition for a sequence 
{An)neN of open subsets of M^. Given a compact set C IJ An, there 

ngN 

exists finitely open sets , . . . , such that 

K CAn, U---UAn,. 

For each i £ {I, . . . take a compact set Ki c An^ such that 

K = KiU---UKi. 

Then, by monotonicity of the capacity, 

i e oo 

yi ca.p^rk,p {Ki) ^ ^ capv(/fe,p {AnJ ^ ^ cap^y^.p {An). 

1=1 i=l n=0 

For each i £{!,...,£}, let ipi € C^{n) be such that ipi ^ 1 in Ki. Then, 
max {ipi, ... ,(pi} ^ 1 in 



Let ^ € (M ) be a function satisfying the conclusion of the previous 
lemma. Since i/j ^ 1 in K, we deduce that 

e 

cap^rk,p{K) ^ ||V'll^fe,p(igiV) ^ C'y^lly'»ll^fc,prTOiV)- 

j=i 

Taking the infimum of the right-hand side over the functions (pi, we deduce 
that 

e oo 

{K)^CY^ Capjyfe.p {K^)^CY^ {A n I ■ 

i=l n=0 

Since this estimate holds for every compact subset of |J An, the conclusion 
holds when all the sets An are open. □ 
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Proof of proposition IA.4I By the previous lemma, there exists ^ G 
C~(M^) such that 

\ip\ = max —if} ^ V 

and 

IIV'llH/fe.P(RJV) ^ C\\ip\\^rk,pl 



Since 4^ /a ^ 1 in the set {|(^| ^ a}, by the definition of capacity we have 
the conclusion. □ 

We now prove the pointwise convergence up to sets of zero capacity: 

Proof of proposition IA.1I Given a sequence of positive numbers 

(ai)ieN and a subsequence {^ni)i<m of {ipn)n&n, let 

oo oo 

= n U'lI'^"»+i -'Pri,\> Oli}. 
j=Oi=j 

oo 

If the series ^ converges, then for every x € \ E, ((^„^(x))igN is a 

i=0 

Cauchy sequence in M. 

For every j G N we have by monotonicity and by subadditivity of the 
capacity, 

oo 

capvi/fe,p (E) ^ capiyfc,p(|J {Iv'n.+i - ^n, \ > aj) 

i=j 

oo 



By the capacitary estimate of the sets {ly^n^+i — fui \ ^ cti} (^proposition lA.4p . 

C 

Thus, 



p 



Cap^yfe.p (£;) ^ C^y^^-^Wfn.+i - fn 

Choosing a subsequence ((/9„.)jgN such that the series 

oo ^ 



i=0 * 



converges, then capi4/fc,p {E) = and the conclusion follows. □ 

Remark A.6. If the sequence {(pn)n(^n converges in VF'^'P(M^) to a con- 
tinuous function u, then for every j € N, the subsequence ((/^nJieN con- 

oo 

verges uniformly to u in |J {\(pni+x — fui \ ^ Hence, the function u is 

i=j 

the pointwise limit of (v^nJieN in \ 



2. QUASICONTINUOUS REPRESENTATIVE 133 

2. Quasicontinuous representative 

We summarize in this section some results related to quasicontinuous 
representatives. 

We recall the definition of a quasicontinuous function: 

Definition A. 7. A function t> : ^ M is quasicontinuous with respect 
to the W'^'P capacity if for every e > there exists a Borel set E c ft such 
that cap^^fe.p (E) ^ e and v is continuous in \ i?. 

The existence of quasicontinuous representatives follows from the point- 
wise convergence we proved in the previous section: 

Proposition A.8. Let /c e N* and l < p < +oo. For every u e W^''p{^), 
there exists a quasicontinuous function n : — )• M with respect to the W'^'P 
capacity such that u = u almost everywhere in $7. 

We may state the following capacitary estimate for the level sets of W^'^ 
functions: 

Corollary A.9. Let k eN^. If 1< p < oo, then for every u G T^'='P(]R^) 
and for every a > 0, 

(J 

cap^fe.p {{\u\ > a}) ^ — ll^^ll^fe,p(KiV), 

for some constant C > depending on N, k and p. 

Although solutions of the linear Dirichlet problem need not belong to 
Wq ' (f]), they have a W^'^ quasicontinuous representative 11251 lemma 1]: 

Proposition A.IO. Let ^ g M{Vt). If u is the solution of the Dirichlet 
problem 

( —Au = in $7, 

\ u = on dVt, 

then there exists a quasicontinuous function n : $7 ^ M with respect to the W^'"^ 
capacity such that u = u almost everywhere in $7. 

By the interpolation inequality (lemma I4.7|l . for every k > we have 
Ti^{u) G Wq' (i7). The quasicontinuous representative u is defined so that 
Tk{u) is a quasicontinuous representative of T^{u) with respect to the W^'"^ 
capacity. 
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Hausdorff measure 



Let ^ s < +00 and < 6 ^ +00. Given a set A c R^, define the 
Hausdorff outer measures of dimension s, 

f °° 00 ^ 

ni{A)=mf\ ^w,<:Ac U S(x„,; r„) and ^ r„ ^ 5 L 



n=0 

where 

JV 

vr 2 

UJ 



r(f + 1) 



and r denotes the Gamma function. When s is an integer, is the vol- 
ume of the unit ball in M*. The outer measure T-L^{A) is usually called the 
Hausdorff content of A of dimension s. 

The Hausdorff measure of dimension s of A is then defined as the limit 

n'{A) = hmnKA). 

We have adopted Hausdorff's original definition 11611 definition 1] of 
Hausdorff measures. Nowadays, this definition is usually referred to as 
the spherical Hausdorff measure since we are covering the set A using 
balls instead of arbitrary bounded sets. The equivalence between the N 
dimensional Hausdorff measure and the Lebesgue measure in is more 
transparent using Hausdorff's definition since it does not require the isodi- 
ametric inequality p8l section 2.2^ 

1. Density estimate 

The Hausdorff outer measures V.^ have some properties that we would 
naively expect from the Hausdorff measure T-L^ but the Hausdorff measure 
itself does not have. For instance, they are finite on bounded subsets of 
and they measure balls in as if they were balls of dimension s: 



N 



Proposition B.l. LetO ^ s < +00 and < 6 ^ +00. For every x e 
and for every ^ r ^ 5, 

(i) I/O ^ s ^ iV, then Wsi^ix; r)) = w.r^ 
(u) ifs > N, then 'Hl{B{x] r)) = 0. 

Proof. We begin with the case ^ s ^ A^. The inequality 

nl{B{x-r))^Usr' 



^An alternative proof based on the fact that H'^ is invariant under translations can be 
found in fST. proposition 11.20]. 
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is clear for every 0^7-^5. The reverse inequality follows from the fact 
that for every r > 0, if {B{xn;rn))n£N is a sequence of balls covering B{x; r), 
then by subadditivity of the Lebesgue measure 

oo 

N 



n=0 

and if in addition we have ^ ^ 1, then 



r 



(oo X s/N oo 

n=0 ^ n=0 



Minimizing over all possible coverings of B{x;r), the reverse inequality 
follows. 

We now consider the case s > N. Given < ^ ^ if {B{xn] rn))nm is 
a sequence of balls covering B{x\ r) such that for every n G N, ^ r„ ^ 5, 
then 



oo 

.N 
n • 



n=0 n=0 n=0 

We may choose the sequence {B{xn.] rn))nm so that 

oo 
n=0 

Thus, 

Letting 5_ tend to 0, we have the conclusion. □ 

We can use the Hausdorff outer measures T-L^ to give density estimates 
of the type 

v{B{x;r)) ^ Cr' 
for a nonnegative measure v € A4(]R^). Indeed, if the inequality 

holds, then for every x G MJ^ and ^ r ^ 5, we may apply this estimate on 
the ball B{x] r) to get 

v{B{x; r)) ^ aoj^r^ . 

If we are only interested in this density estimate, the inequality v ^ aT-i^ 
seems too strong since it gives an information on all Borel subsets of M^. As 
it was observed by Frostman II52I , these conditions are actually equivalent: 

Proposition B.2. Lef < a < +oo and ^ s < +oo, and let v G 
hA (M^) he a nonnegative measure. Then, v ^ aK\ if and only if for every x G 
and for every ^ r ^ 5, 

L'{B{x;r)) ^ aujsr'^- 
This property appears in the proof of [52l §46, theorem 2]. 



2. UNIFORM APPROXIMATION 137 

Proof. It suffices to establish the result for a = 1. 
For the direct implication, if ^ T-L^, then for every x € and for 
every r ^ 0, 

u{B{x;r))^nl{B{x;r)). 

If in addition r ^ 6, then 

nl{B{x-r))^uJsr' 

and the conclusion follows. 

Conversely, given a Borel set A c M^, consider a sequence of balls 
{B{xn; rn))nm Covering A. Since the measure u is subadditive, 

oo 
n=0 

If for every n S N, r„ ^ 5, then by the assumption on the measure v on each 
ball B{xn;rn), 

oo 
n=0 

Taking the infimum over all sequences of balls {B{xn] rn))n£n covering A, 
the conclusion follows. □ 

Density conditions of the type 

v{B{x;r)) ^ Cr' 

are common in the literature: 

(a) a nonnnegative measure v G A^(E^) belongs to {BV{R.^))' if and only 
if there exists C > such that 

v{B{x-r)) s: Cr^-^; 

see lEal theorem 4.7], 
(6) if a nonnegative measure v € A^(M^) satisfies 

for some < a < 1, then the Newtonian potential generated by v is 
Holder continuous with exponent a; see Il32l chapter VII;|45l lemma 3]. 

2. Uniform approximation 

The Hausdorff measure is not cr-finite when Q ^ s < N , but it natu- 
rally induces finite Borel measures: 

Proposition B.3. Let Q ^ s < +oo and let A c M.^ he a Borel set. If 
WiA) < +00, then A is W measurable and W Ug A^(M^). 

This proposition is a consequence of Caratheodory's theorem on mea- 
surable sets [51] proposition 11.16] since the Hausdorff measure satisfies 
the property of metric additivity IISTl proof of proposition 11.17; [97l theo- 
rem 16]: 

Lemma B.4. Let ^ s < +oo and ^ 5 < +oo. For every disjoint sets 
Ai,A2C M.^ ,ifd{Ai,A2) ^ 5, then 

ni{AiijA2) = ni{Ai) + n's{A2). 
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Corollary B.5. Lei ^ s < +00. For every disjoint sets A\,A2 C M^, if 
^(^1,^2) > 0, then 

n\AiUA2)=W{Ai)+W{A2). 

The proof of the lemma relies on the fact that an open ball of radius at 
most d{Ai,A2) cannot intersect simultaneously Ai and A2. 

The Hausdorff outer measures T-L^ converge uniformly to the Hausdorff 
measure on sets of finite Hausdorff measure: 

Proposition B.6. Let Q ^ s < +00 and let A c he a Borel set. If 
^{^{A) < +00, then for every e > there exists 5 > such that for every B c A, 

^ n'{B)-ni{B) ^ e. 

This property appears in the book of Falconer 1149 i lemma 1.7]. It is 
surprising that this uniform approximation of the Hausdorff measure is 
not mentioned more often in elementary books on Hausdorff measure. 

We follow the strategy of the proof from 1149 1 : 

Proof. Since A is measurable and 'H'^{A) < +00, we have for every 
B cA, 

n'{B) = n'{A)-n'{A\B). 

Thus, for every S > 0, 

n'iB) !^n'{A) -ni{A\B). 

Given e > 0, we choose S > such that 

n'{A) ^ nl{A)+e. 

Hence, 

H%B)^niiA)-'HKA\B) + e. 
Let {B{xn; rn))neN be any sequence of balls covering B with ^ r„ ^ 5 
and let {B{yn; tn))nm be any sequence of balls covering A \ B such that 
^ 6. Combining both sequences, we obtain a covering of A. Thus, 

00 00 

n=0 n=0 

and this implies 

n'{B) ^ Y + E - ^siA \B) + e. 

n=Q n=Q 

Since the sequences {B{xn;rn))neN and are independent of 

each other, we can take the infimum over all possible choices of sequences 
to get 

n'iB) ^ niiB) + niiB \ A) - nl{A \B) + e = nUB) + e. 
Since nUB) ^ W{B), the conclusion follows. □ 
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